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Preface
Differential equations are perhaps the most successful method discovered for
modeling natural phenomena. Within this vast field, linear ordinary differential equations occupy a central role: in numerous examples the model is a
linear system of equations, whereas in other cases a linear approximation is
the essential tool for analyzing local behavior. The applications of linear ordinary differential equations extend to the study of partial differential equations,
where they play a classical role in the construction of explicit solutions and a
metaphorical role in guiding more advanced developments.
There are. of course, numerous elementary texts on differential equations
and several works aimed at researchers. Linear Ordinary Differential Equations is designed as a textbook for mathematics, engineering, and science students at the end of their undergraduate studies or at the beginning of their
graduate studies. Since the intended audience has an intermediate level of
sophistication, the ideas of calculus, linear algebra, and elementary analysis
are encountered frequently and explicitly, whereas more advanced topics such
as Lebesgue integration and functional analysis are largely avoided. The good
news is that a modest set of mathematical tools is adequate for a fairly deep
study of differential equations.
The systematic study of linear differential equations illustrates the interrelationships among various mathematical subdisciplines. The existence of these
•relationships is a point easily missed in a typical, highly compartmentalized
mathematics education. Our subject offers an excellent opportunity to interweave the threads of calculus, linear algebra, and analysis while exploring a
field with wide applications in science and engineering. Since the main subject
is systems of linear equations, the use of vectors and matrices is pervasive.
Linear algebra is directly applied to the analysis of systems with constant or
periodic coefficients and metaphorically applied as a guide in the study of
eigenvalues and cigeiifunction expansions. Another important theme is the
use of power series. In addition to their usual role in the analysis of equations
and special functions arising in applications, matrix-valued series are used for
the development of the exponential function and related functions with matrix arguments. Our third main thread is the application of the methods of
real analysis. In this area, most of the required material is reviewed, as it is
needed to understand convergence of series solutions to equations, existence
XI
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Preface

theorems for initial value problems, the asymptotic behavior of solutions, and
the convergence of eigenfunction expansions.
The selection of material and the level of presentation should make the text
a useful reference for students and professionals in science and engineering. The
first chapter introduces linear systems of differential equations by presenting
applications in life sciences, physics, and electrical engineering. These examples, and their generalizations, are revisited throughout the text.
Chapters 2 through 4 then develop the main applications of linear algebra
to the study of systems of differential equations. After a review of linear
algebra and a discussion of linear systems in general, there is an extensive
treatment of systems of equations with constant coefficients. The analysis of
constant coefficient systems includes a thorough discussion of the applications
of the Jordan canonical form for matrices. Systems of equations with periodic
coefficients are also treated in this part of the text.
In the first part of the book, power series are treated formally when they
are encountered. Attention to analytical questions characterizes Chapters 5,
6, and 7. The essential material on convergence is reviewed and applied to
the study of equations with analytic coefficients. Series techniques are then
applied to systems with singular points. The general discussion of series methods is supplemented with a treatment of two classical examples, the Legendre
equation and the Bessel equation. A study of convergence for the method
of successive approximations concludes this portion of the book. This study
provides a proof of the basic existence and uniqueness theorem, along with a
proof of the continuous dependence of solutions on initial conditions and the
coefficients of the equation.
Chapters 8 through 10 develop additional topics: the study of boundary
value problems and an introduction to control theory. These topics have numerous applications and are important themes in the more advanced theory of
differential equations. Boundary value problems are introduced with a study of
the heat equation for a homogeneous rod. After an examination of self-adjoint
eigenvalue problems, the convergence of eigenfunction expansions is treated.
The final chapter offers an unusually elementary introduction to control theory,
a central concern in modern technology.
We have tried to adhere to certain notational conventions, although on
occasion these conventions are violated in the interest of notational simplicity.
The real and complex numbers are denoted 7?. and C, respectively. Real and
complex numbers, arid functions with real or complex values, are normally
denoted with lowercase letters, e.g., x ( t ) . Elements of 7?.n, Cn are normally
denoted with uppercase letters, e.g., X,Y; matrices are written in boldface,
e.g., A.
When new vocabulary is introduced, the term is presented in italics.
Robert Carlson
University of Colorado at Colorado Springs

Chapter 1

Simple Applications
1.1

Introduction

There are two attractive aspects to linear ordinary differential equations. On
the one hand, the subject has a rich theory, with a constant interplay of ideas
from calculus, linear algebra, and analysis. Large parts of this theory are accessible to students equipped with only an undergraduate education in mathematics. This theory also serves as an intellectual base camp from which less
accessible regions of mathematics may be explored.
On the other hand, linear systems of ordinary differential equations arise
in numerous scientific and engineering models. Our ability to explicitly solve
equations in some cases or to provide a penetrating analysis when exact solutions are not available means that very detailed scientific and engineering
predictions are possible. This introductory chapter describes several of these
models. The main goal here is to point out the variety of contexts in which lin
ear systems of ordinary differential equations arise and to observe that similar
mathematical structures can occur in quite distinct, technological guises.
Three such applications will be presented: compartment systems from biology and physiology, spring and mass systems from physics, and electric circuits
In these examples the biological, physical, or engineering behavior is modeled
with a system of linear ordinary differential equations with constant coefficients. As we will see in subsequent chapters, such systems are amenable to a
thorough analysis.

1.2

Compartment systems

Consider the problem of predicting the impact of a toxic waste discharge into a
river and lake system. Suppose that a toxic chemical is accidentally discharged
from a site upriver from Lake 1 (Figure 1.1). The toxic material leaks into the
river at a constant rate for one day before the discharge can be stopped. We
assume that the toxic material mixes quickly and thoroughly with the lake
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water as it enters each lake.
The toxic discharge will also have an impact on the second lake. A thought
experiment, in which the water from lake 1 barely trickles into lake 2, suggests
that the impact of the toxic discharge on lake 2 should depend on the relationship between the rates of flow from lake 1 into lake 2 and from lake 1 into
the river. If the rate at which water flows from the first lake to the second
lake is much slower than the rate at which water enters and leaves lake 1 via
the river, the contamination of lake 2 should be minimal. These ideas can be
validated with an explicit description of the history of toxic contamination for
both lakes.

Figure 1.1: A system of lakes.
Some straightforward accounting of the flow of liquid into and out of each
lake will yield a model of this contamination process. Denote by Vj the constant
volume of liquid in lake j, for j = 1,2. Similarly, let TJ denote the volume of
toxic material in lake j. Let the constant rate of liquid flow into each lake be
ij, and let the constant rate of liquid flow from each lake to the river be Oj.
Since the volumes Vj are conserved, i\ = ^2+01 and i% = o^. The concentration
of toxic material in each lake is GJ = TJ/VJ. Finally, assume that for the one
day period in which the toxic discharge is uncontrolled, the concentration CQ
of toxic material in the water flowing into lake 1, and the corresponding rate
r(t) = coii are constant. All of the volumes and rates are measured in some
consistent set of units.
Assuming that liquid enters or leaves the river and lake system only by
flowing downstream, we set up equations which account for the flow of water
and toxin. Let 0 be the time when toxin starts to enter lake 1. During the
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subsequent day the amount of toxin in lake 1 is

and the amount in lake 2 is

Differentiation leads to the equations

Using the conservation equation i\ = o-\ + i% and the relationships Cj = TJ/VJ
for j = 1, 2, the equations become

Of course at time 0 no toxin has accumulated in either lake, so

This system of equations may be handled by elementary techniques. Solving ( 1 . 1 ) first we find that during the day of toxic flow into lake 1

Using the initial condition ri(0) = 0 and the expression r(t) = coi\ for the
input rate of toxin, this equation can be solved explicitly, giving

Thus the concentration c\ = r\/v\ in lake f approaches the input concentration
CQ-

Similarly, equation (1.2) may be solved for r-^t).

4
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Since r\ (t) is known, it can be inserted into this last formula, giving an explicit
description of r<2 (i).
At the end of the day there is no additional discharge into Lake 1. For
later times the system of differential equations is thus

subject to the initial conditions that TJ at time 1 for the second system is given
by the solutions for the first system at time 1. The system (1.3) may be solved
in the same manner as above.
The analysis of a complex system may involve the aggregation of a number
of subsystems into a single compartment. Figure 1.2 shows a compartment
system motivated by a serious medical problem. Drug therapies used to combat cancer or other diseases may involve the use of substances toxic to both
the target cells and other nontarget tissues. In this case there are three compartments: the circulatory system 83, the target tissues S\, and the nontarget
tissues 52, which are sensitive to the drug. A volume A of the drug is introduced into the circulatory system. Within each compartment it is assumed
that the drug which has entered mixes quickly and uniformly. The body removes the drug from circulation by filtering the blood at a certain rate. Assume
that all the drug entering the filter is removed from the blood. The problem
is to determine if the drug concentrations c3 = TJ/VJ will become high enough
to be beneficial in compartment one, while not exceeding a dangerous level in
compartment two.
To model this system, let v,/, denote the constant volume of fluid in each
compartment, while Tj(t) denotes the volume of drug in each compartment.
Assume that fluid flows from the circulatory system into compartment j = 1, 2
at the same constant rate TJ as fluid flows back from the compartment to
the circulation. The rate of fluid flow into the filter will be denoted r$. The
equation modeling the volume of drug in the circulatory compartment is then

Differentiation leads to
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Similar bookkeeping gives two more equations,

The analysis of this system will require a more sophisticated approach than
the system (1.1) and (1.2). Not only are there more equations and unknowns,
but also none of the equations can be solved alone.

Figure 1.2: Organ systems.

1.3

Springs and Masses

Linear systems of ordinary differential equations also arise in the study of
mechanics. Consider a mass m attached to the end of a spring, as shown
in Figure 1.3. If at time t = 0 the mass has position XQ and velocity VQ.
its subsequent displacement x from the equilibrium position is governed by
Newton's law:
where F represents the forces acting on the mass. In the usual spring and
mass model, the net force acting on the mass is considered to be the sum of
three terms. The first term is a restoring force —kx, which pulls the mass back
toward the equilibrium position. The second term describes the damping force
—ex'. The constants k and c are assumed to be nonnegative. The last term is
a time-dependent force f ( t ) which is independent of the position or velocity of
the mass. Thus the linear spring model consists of a differential equation with
initial conditions

6
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The reader may recall that if f ( t ) is any continuous function on the interval
[0,6), where b > 0, then there is a unique function x(£) with two continuous
derivatives on [0,6) satisfying (1.4). Such existence and uniqueness theorems
will be discussed in the next chapter and proven in Chapter 7. For the moment
we will concentrate on cases with elementary solutions.

Figure 1.3: A mass and spring system.
It is often convenient to convert higher-order differential equations into
systems of equations where no derivative beyond the first appears. In the case
of the spring equation this can be achieved by setting y\ = x and 3/2 = %'• The
description of the motion of the spring then takes the form

Introducing the matrix

and the vector-valued functions
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this system of two equations may be written as

This is a first-order linear system for the vector-valued function Y as a function
of the time t.
In the absence of the external forcing term f ( t ) , the equation for the spring
becomes
The corresponding system of first-order equations is

For such a system of linear equations with constant coefficients, it is fruitful
to look for solutions of the form

When a function of this form is put into (1.5) the result is

which is equivalent to the eigenvalue problem

As the reader will recall, the set of A leading to riontrivial solutions of this
equation is determined by the condition

or

In general there are two solutions to this equation:

From the eigenvalue equation it follows that the nonzero eigenvectors will
satisfy b = Aa. As long as A + ^ A _ , solutions of (1.5) can be found of the form

Checking the initial conditions, we see that

8
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Observe that if c, m, k > 0, then either (c/m) 2 — 4/c/m < 0 or the magnitude
of >/(c/m) 2 — 4k/7n is less than c/m (or A + = A_, which has been excluded
for simplicity). In either case the eigenvalues \± have negative real parts, so
that solutions have limit 0 as t —» +00.
To simplify the subsequent discussion, suppose that c — 0, so that the
spring has no damping. In this case the two eigenvalues are purely imaginary
complex numbers:
Thanks to the Euler formula

there are solutions of the equation

which are linear combinations of cos(\/k/m t) and sin(i/fc/m t). In fact it is
simple to verify that

satisfies the equation and has the appropriate initial conditions.
It is also instructive to consider the undamped mass and spring with a
nontrivial forcing term:

It will be convenient to let \fk~fm = CJQ > 0 so that two independent solutions
of (1-6) have the form

Looking for a particular solution of (1.7) of the form xp = bsm(ujt), we find
that
or

The general solution of (1.7) will have the form

Observe that although (1.7) is an equation whose coefficients are all periodic
with period 2-Tr/o;, the same is not necessarily true of the solutions. In fact, in

Simple Applications

9

most cases the only solution which has this period is the one with c — 0 = d
(see exercise 4).

Figure 1.4: Several masses and springs.
Mechanical systems can easily lead to more complex systems of differential
equations. Consider the system of springs and masses, without damping or
external forcing, shown in Figure 1.4. If the masses are denoted m\,... ,m.\.
the connecting springs have spring constants k ± , . . . , A'5, and the displacement
of the jth mass from its equilibrium position is x 7 , then the system of equations
describing the motion of the masses is

1.4

Electric circuits

Linear systems of ordinary differential equations are also used to model electric
circuits. A glance at any text on electric circuit analysis [2, 23] will show that
this is an extensively developed subject, which we will certainly not treat in
depth. Still, the important role that these circuits play in modern technology
makes it worthwhile to develop a basic understanding of the models. Some
simple examples will illustrate the relationship between circuit analysis and
differential equations.
Electric circuit analysis has elements which have appeared both in compartment systems and in spring and mass systems. In compartment systems
an essential role was played by the physical principle of conservation of mass.
In circuit theory an analogous role is played by the conservation of electric
charge: that is, the number of electrons in the circuit is not changing.
To introduce the ideas and terminology, consider the simple circuit shown
in Figure 1.5. We will be interested in an equation for the current i ( t ) = dq/dt,

10
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which is the rate at which electric charge q passes a point in the circuit. Since
charge is carried by electrons, this is the same as measuring the net rate at
which electrons flow past a point in the circuit. The sign of the current will
indicate the direction of net current flow.
Energy must be supplied to a circuit in order to have a current flow. The
voltage v(t) measures the energy per unit charge. In addition to a voltage
source V, our circuit has two components, a resistor R and an inductor L,
which determine how the current flow in the circuit depends on the voltage.
The current flow through a resistor is given by the equation

where R is the resistance and VR is the voltage drop across the resistor. Current
flow through the inductor is given by the equation

where L is the inductance and again VL is the voltage drop across the inductor.
R and L are assumed constant.

Figure 1.5: Circuit 1.
Conservation of energy requires that the energy supplied to the circuit
must be equal to the energy used moving the electrons. This is the content of
Kirchhoff 's voltage law. at any time the sum of the voltages around any closed
circuit is zero. Thus the equation for current in the circuit of Figure 1.5 is
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Figure 1.6: Circuit 2.
The circuit shown in Figure 1.6 has an additional component, a capacitor
with constant capacitance C which can store charge q(t). The stored charge q
is given by
where vc(t) is the voltage drop across the capacitor. Applying Kirchhoff's law
to circuit 2 leads to the equation

Differentiation of this equation gives

Notice that this is precisely the form of the equation for the damped spring
and mass system, with the external forcing corresponding to the derivative of
the voltage.
The description of the third circuit, shown in Figure 1.7, is somewhat
different since we are given a current source at / with current io(t), and we
wish to determine the voltage v-i(t} that will be observed at V'. The equations
describing this circuit can be found with the use of Kirchhoff's current law,
which says that because charge is conserved, the sum of the currents through
any node must always be zero. Thus io(t) = i i ( t ) + i ' 2 ( t ) . We also know that the
voltage drop across the capacitor v\(t) must satisfy i]_(t) = Cv((t). Similarly,
in the part of the circuit through which the current 1*2(1} is flowing, Kirchhoff's
voltage law implies that v\(t] = Li'2(t} + Ri-2(t). (Compare this part of circuit
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Figure 1.7: Circuit 3.
3 with circuit 1.) Differentiation of this last equation and substitution into the
equation for i\ leads to

and the desired voltage is vi(t] = Ri-2(t).
Let's try to find a particular solution of equation (1.8) when io(t) =
exp(ia;t), where uj £ H. We optimistically look for a solution with a similar form and substitute iz(t) = zexp(iw£). The result is

Because the equation has constant coefficients, the existence of a particular
solution 12(1} = zexp(iu}t) is equivalent to the algebraic condition

Write — k\uj2 + ik%uj + 1 in the polar form

with
Then
and the desired particular solution is
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with

Since the equation (1.8) is linear, Euler's formula can be used to find a
particular solution ^(t) for the real-valued input

In this case

1.5

Notes

In this chapter we have introduced some simple scientific problems which were
modeled using linear differential equations. In each case the material presented
was merely a brief introduction to an extensive subject. Discussions of the use
of compartment systems in biology and medicine can be found in [4, 11, 20].
Springs and masses are important, if elementary, examples for physics (see [5,
Vol. 1, Chaps. 21-25, and p. 49-4]). A physical approach to the study of
electric circuits is also in [5, Vol. 2, Chap. 22]. A systematic development of
the theory of linear electric circuits may be found in [2] or [23].
Additional scientific models will be introduced throughout the text, but
many important applications are completely omitted. Some additional applications can be found in [18, pp. 119-152, 223 233] and [25, pp. 73-98, 191-216].

1.6

Exercises

1. Verify that the solution of the initial value problem

is given by

2. Find the general solution of

(Hint: Use the approach following (1.7).) What is the general solution of

14
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3. For any real numbers r\ and r^ there is a unique solution of the initial
value problem

x" + x = 0,

x(0)=ri,

z'(0) = r2.

Use this fact to show that
sin(a) cos(t) + cos(a) sin(t) = sin(a + t),
cos(a) cos(t) — sin(a) sin(t) = cos(a + t).
4. Show that if the general solution

of (1.7) has period 2yr/a;, then c = 0 = d unless UIQ/U is an integer.
5. Consider the solutions to the system of equations (1.1) and (1.2). Over
the course of the day when toxins flow into the lakes, when will the concentration of toxin in Lake 2 be greatest? Before you start lengthy calculations, see
if you can guess what the answer should be and then verify the result.
6. Solve the equations (1.3). For convenient but nontrivial values of the
various constants, plot the solutions T\(t] and T2(t) for t > 0.
7. (a) Verify that the solution of the initial value problem

is given by

Show that this solution can also be expressed as

Sketch the graph of this function.
(b) Find a solution of

of the form
8. (a) Any solution of the equation

also satisfies
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By integration or otherwise, show that the energy of a solution

is a constant function of t.
(b) If you plot ( x ( t ) , x ' ( t ) ) , what planar figure is obtained?
(c) Interpret
as an equation for the rate of change of energy.
9. The flow of current in circuit 1 (Figure 1.5) is governed by the equation

Find the solution if v(t) — VQ, a constant, and i(0) = 0. What physical
situation might be modeled by this initial value problem?
10. Current flow in circuit 2 (Figure 1.6) with constant voltage is modeled
by the equation
Show that if R = 0, then the expression

is a constant. (See exercise 8.)
11. The relationship between the input current io(t) and the current ^(t)
in circuit 3 (Figure 1.7) is determined by equation (1.8).
(a) Show that if

and
then for any complex numbers b and c

(b) Describe the behavior as t —> oo of solutions to the homogeneous equation
(c) Sketch the graph of a(uj) from (1.9) if, say, fcf ~~ 2&i > 0.
(d) Describe the behavior of ^(t) as t —> oo if

16
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12. We consider the currents i\(t) and i?.(t) for the circuit shown in Figure
1.8. If

and

show that the currents will satisfy the system of equations

which is a first-order linear system for the vector-valued function i as a function
of time t.

Figure 1.8: A circuit modeled with a system of differential equations.
13. The current i in a simple electrical circuit (see Figure 1.6) containing
an inductance L, resistance R, capacitance C, and voltage v satisfies the
equation
where q is the charge on the capacitor. Since i = q', we have

All the constants L, R, C are positive. Let A = R2/L2 — 4/LC.
(a) Compute all solutions of
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for the three cases

(b) Show that all solutions of (1.10) tend to zero as t —>• oc in each of the
cases (i), (ii). (iii). (The solutions are called transients.)
(c) In case (iii) show that every real solution q may be written as

where A,a.j3,6 <E ft. (Hint: a = ^f, ft = ^/~^/2.)
14. Consider
with the characteristic polynomial p given by p(\) — aA 2 + b\ + c.
(a) Let A.UJ e ft and p(iu) ^ 0. Show that

has a particular solution y of the form

(Hint: Let P(ILU) = \p(iu)\eia.}
(b) If x satisfies (1.11) show that u = Re(x), v ~ Im(;r), satisfy

(c) Using (a), (b) show that there is a particular solution q of

where L,R,C,Eo,uj are positive constants, that has the form

Determine B and a.
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Chapter 2

Properties of Linear Systems
2.1

Introduction

The examples in Chapter 1 demonstrate that simple models may lead to a
system of first-order differential equations. The study of toxic material flow
through a system of lakes led directly to equations (1.1) and (1.2), which have
the form

In these equations the coefficients an, 021, and 022 are known constants, r(t)
is a known function, and ri(t) and Ti(t} are unknown functions whose behavior
is to be determined.
The equation

which arose in the model for the motion of a mass attached to a spring also
led, although less directly, to a system of first-order equations. In that case
the substitution
converted the single second-order equation to the system

Both of these cases are particular instances of a more general system of
first-order differential equations which may be written as

19
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The analysis of the spring and mass equations in Chapter 1 suggests that the
study of the matrix

has a direct bearing on the understanding of such a system of equations. As we
will begin to appreciate in this chapter, this connection between matrices and
differential equations is only the first part of a network of deep and extensive
links between linear algebra and the study of linear systems of differential
equations.
The language, ideas, and theorems of linear algebra have a major role in the
development of the theory of linear systems of ordinary differential equations.
This chapter opens with a review of the basic ideas of linear algebra which
should be familiar to the reader. Following this review, linear systems of
differential equations are introduced. The existence and uniqueness results
for such systems are presented. The remainder of the chapter explores the
basic properties of solutions of systems of linear differential equations from the
vector space viewpoint, with the existence and uniqueness theorem playing a
central role.

2.2

Basic linear algebra

2.2.1

Vector spaces

Many of the results of differential equations are valid whether the real numbers
or the complex numbers are the field of scalars for the vector spaces. For this
reason f is used to denote a field which is either ~R, or C.
The set of ordered n-tuples X = (xi,... ,xn), x^ € f, is denoted by T™.
Elements X £ J-n are called vectors and Xj is called the jth component of
X. The zero vector 0 is the one having all components zero, 0 = ( 0 , . . . ,0),
and the negative of X e .Tl is —X = ( — a ? i , . . . , —xn). Two vectors are equal,
X = Y, if and only if Xj = yj, j = 1 , . . . , n. The sum X + Y is given by
X + Y = (xi + yi,... ,xn + yn), and scalar multiplication of X € jFn by a
scalar a € T is defined by aX — (ax\...., axn). With these definitions the
following properties hold for all X, Y, Z € Tn:
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Any set V with operations of addition and scalar multiplication (by elements of a field F) satisfying (i)-(viii) is called a vector space over T'. (Of
course the general definition applies when T is any field, not necessarily ~R, or
C.) Thus Cn and TV1' are vector spaces over C and 7£, respectively.
A subset B of a vector space V over T is a basis for V if every X e V can
be written as a finite linear combination of elements of B; that is.

arid the set of elements B is linearly independent, which means that for any
finite subset B\,..., B^ 6 B the equation

implies ai — • • • = a^ = 0. A vector space V is finite dimensional if it has
a finite basis. If V is finite dimensional, any two bases for V have the same
number of elements. This number is called the dimension of V and is denoted
by dim(V).
If V is not finite dimensional we write dim(V) = oc. The space Tn has
the basis B = {E\.... . En}, where Ej has all components zero except the jth.
which is 1:
This is called the standard basis for fn. If A' = (#1.. . . , xn) € Fn we have the
representation X = x-\E-[ + • • • + xnEn and dim(jF") = n.
If IA, V are vector spaces over J- such that IA C V, we say U is a subspace
of V. If V e V, then the translate of U by V is the set

The translates of vector spaces are also called affine
For example, in ft2 the set

spaces.

which is the straight line through the origin with slope 2, is a subspace of
V = ft2. If V = (3, -1) then the translate of U by V is the set

which is just the line through (3. —1) with slope 2, so that V + U is the line
through V parallel to U.
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2.2.2 Matrices
Suppose that R is any set, which for our purposes will usually be real or
complex numbers. An m x n matrix A with elements, or components, a^ G R
is a function

The set of all m x n matrices with elements in R is denoted by Mmn(R). In
case m = n, A is called a square matrix and Mnn(R) is denoted by Mn(R). In
order to display the tabular nature of this function, we write

or more briefly A = (a^-), and say A has m rows and n columns, with o^- being
the element in the zth row and the jth column. To be useful the set R should
be closed under addition, multiplication, and multiplication by elements of a
field J-'. A particular case where this occurs is when R = T itself.
If A = (ajj), B — (bij) € Mmn(F), where f is a field, which could be either
72. or C, then A = B if and only if a^ = bij, i = 1 , . . . , m; j = 1 , . . . , n. The
sum A + B is defined as the function A •+- B : ( i , j ) —> a^ + bij € F, and we
write

whereas scalar multiplication of A by a € T is defined as a A : ( i , j ) —> aa%j €
F, and we write

The zero m x n matrix, with all elements zero, is denoted by Omn; if there
is no chance of confusion it is simply written as 0. The negative —A of A =
(dij) € Mmn(f} is given by —A = (—Ojy). With these definitions MmTl(Jr) is
a vector space over f with dimension mn.
Certain matrices may be multiplied. If A = (a^-) € M mn (^ r ),B = (bij) €
Mnp(F), then the product AB = C = (dk) G Mmp(/") is defined by

If A, B, and C are any matrices with elements in T for which the products
below make sense, then
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The identity matrix In E Af n (J^) is the one with ones down the principal
diagonal and zeros elsewhere:

where the Kronecker 8 has <*>,;7 = 1 when i = j and 6l} = 0 when i ^ j for
i,j = 1 , . . . ,n. The identity matrix has the property that I71A = AI,j = A
for all A 6 Mn(jF). A matrix A E Mrt(JF) is said to be invertible if there is a
matrix A" 1 , the inverse of A. such that

If B e Mr?(^r) is such that AB = I,,,, then BA = In and B = A"1.
The vector space Tn will now be identified with the set of all n x 1 matrices
Mn\(J-} with elements in JF. Thus for X = (x\,.... xn) E Tn we put

The matrix A e Mmn (JF) determines a function /A. : fn —> fm denned by
/A(^0 = AX. This function is linear,

and its range arid iiullspace are respectively defined as

arid
These are vector spaces over f. Defining the rank of A as dim(/?an(A)) and
the nullity of A as dim(7V(A)), there is the important result
rank(A) + nullity(A) = n.
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Vector spaces of functions

If / C Ti is an interval and f is a field which is either C or 7?., the set F(I,f)
of all functions / : / —> JF is a vector space over F with addition and scalar
multiplication defined by

The zero function, denoted by 0. is the one whose value at each t € I is 0, and
the negative -/ of / is given by -/ : t G / -> -/(t) G T. The subset C(7,.F)
of all continuous functions is also a vector space over .F, since / + g and a/
are in C(I, T} if /, g G C(7, .F), a e .F.
Now consider functions defined on an interval / C 7£ whose values are
matrices. Addition and scalar multiplication of such functions are defined by

The zero function, denoted by 0, is given by t G / -—> Omn G M mn (F), while
the negative —A of A is defined as t e I —> —A.(t) £ Mmn(.F). With these
definitions F(I, Mmn(.F)) is a vector space over f'. If C G F(I, Mmp(.F)), then
the product AC G F(I, Mmp(F)) is given by

Each A G F(/,M mn (jF)) determines mn functions Ojj G F(/,.F), the elements of A, where
A function A : / C 7£ —> Mmn (.F) is said to be continuous at c G I if each of
the functions Oij(i) is continuous at c. A function A : I —> Mmn(J-} is said
to be differentiable at c G / and has the derivative A'(c) at c, if each of the
functions flij(t) is differentiable at c, and then A'(c) = (a^(c)).
The usual rules are valid. If A,B : / C Ti —> Mmn(jT) are differentiable
at c G /, then so are A + B and a A for a G F and (A + B)'(c) = A'(c) +
B'(c) whereas (aA)'(c) = aA'(c). If, in addition, C : / C K -» Mnp(JF) is
differentiable at c, then AC is also and (AC)'(c) = A'(c)C(c) + A(c)C'(c).
The set of matrix-valued functions which are continuous at each t G I is
denoted C(I, M mn (^ r )). If A is differentiable at each t G /, then its derivative
A' = (a'ij) is the function

Higher derivatives A^, k = 2 , 3 , . . . , are defined as usual. Ck(I,Mmn(F))
will denote the set of all A : / -> Mmn(F) such that A^fc) G C(I,Mmn(F)),
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and C°°(7, Mmn(F}) will denote those A which are in Ck(I,Mmn(J:}) for all
k = 1,2,3....
Let / = [a, b] be a compact interval. A function A = (a,7 ) : / —> Mmn(f)
is said to be integrable on 7 if each a^ is integrable on 7, and in this case we
define its integral to be the m x n matrix

Thus the ?jth element of the integral of A is the integral of the ijth element of
A. If A e C(I, M mn (JF)) then A is integrable. The usual integration rules are
valid. If A. B : 7 —> Mmri(.F) arc integrable on 7 and a, [3 e .T7, then a A + /3B
is integrable on 7 and

2.3

First-order systems

2.3.1

Introduction

An equation of the form

where A j ( t ) , Ao(t) are continuous n x n matrix-valued functions and Bo(t]
is a continuous n vector-valued function, is called a first-order linear system
of differential equations. Here 7 is an arbitrary real interval, and AQ, AI .
and BQ may be either real or complex valued. The equations presented in the
introduction to this chapter are examples of such systems.
A solution of (2.1) on 7 is a differentiable function X : I —> Tn such that

If BQ is not the zero function then (2.1) is called a nonhomogeneous system,
whereas the equation Ai(t)X' -t- A.o(t)X = 0 is called a homogeneous system.
The study of (2.1) is easier if we can solve for X' and (2.1) takes the form

Here A 6 C(7, M n (jF)) and B e C(7,jF n ); that is, A and B are continuous
matrix- and vector-valued functions, respectively.
The following fundamental result is established in Chapter 7 (Theorem
7.4).
Existence and uniqueness theorem for linear systems: Given any
T 6 7 and £ e Tn, there exists a unique solution X of (2.2) on I such that
X(T)=£..
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The condition X(T) = £ is called an initial condition and the above result gives
the existence and uniqueness of solutions to the initial value problem,

Although the proof of the existence arid uniqueness theorem is deferred, we
will use it frequently in studying the solutions of (2.2). This study begins with
the homogeneous system. Given the solutions of the homogeneous system, the
corresponding nonhomogeneous system can be solved by integration. Linear
equations, or systems of equations, of order n > 1 can be reduced to a system
of the form (2.2).

2.3.2

First-order homogeneous systems

Consider the homogeneous system

where A e C(I, Mn(F}} and / is any real interval. Given any r € / and
£ G J-71 there exists a unique solution X ( t ) of (H) on / satisfying X(T) = £.
The zero function

is a solution of (H); it is called the trivial solution. If X(t) is any solution
of (H) such that X(T) = 0 for some r e / , then uniqueness requires that
X ( t ) = 0 for all t € /, so that X is the trivial solution. This observation leads
to the following result describing the structure of the set S of all solutions of
(H) on /.
Theorem 2.1: The set S of solutions of (H) on I is an n-dimensional
vector space over F.
Proof: If X ( t ) , Y(f] e S, and a, (3 e T then

Since differentiation is linear,

Thus aX(t) + j3Y(t] € 5, so that 5 C C(I,Fn] is a vector space over T.
A basis consisting of n elements is constructed as follows. Fix t € /, let
FI , . . . , Fn G f™ be a basis for Fn, and let Xj (t) e S satisfy the initial condition
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XJ(T) — FJ. To see that X ± , . . . , Xn is a basis for 5, suppose first that there
are constants c i , . . . , cra € T such that

the zero function on /. Evaluating this sum at r gives

Since FI, . . . , Fra is a linearly independent set. c\ = • • • = cn = 0, showing that
AI, . . . , An is a linearly independent set in 5.
Let X 6 S and suppose A(r) = £. Since FI, . . . , F,t is a basis for JP1, £ can
be written as
for unique constants cn G f. If F € S is the solution

then Y(T) = £ — X ( T ) . Solutions to initial value problems (2.3) are unique,
so X — Y = C[Xi + • • • + cnX.n: which shows that A I , . . . , Xn spans S and is
thus a basis. D
Recall that in any finite-dimensional vector space of dimension n, any set
of n linearly independent elements forms a basis.
Theorem 2.2: Let r e / , and let Xi,..., X^ be any k solutions of (H) on
I. Then X\..... Xk is a linearly independent set m S if and only if AI(T) =
FI , . . ., A'fc(r) = Fk is a linearly independent set in Tn. In particular, if k = n,
then Xi,. .., Xn is a basis for S if and only if X-\ (r) = FI, . . . , Xn(r) = Fn is
a basis for J^1.
Proof: The argument used in the proof of Theorem 2.1 shows that if
FI,. . . , Fjt is linearly independent in J-n, then X\..... Xk is linearly independent in S.
Conversely, let A T ] . . . . , Xk be linearly independent in S, and suppose

for some c1 G f'. The solution X = c\X\ + • • • + CkXk satisfies X(T) = 0,
which implies X = 0 = c\X-[ + • • • + CfeX^, and hence c\ = • • • = c/t = 0.
Consequently, FI , . . . , Fj, is a linearly independent set in Tn. D
A particular basis for JF71 is the standard basis E\,... ,F n , where Ej has
all components zero except the jth, which is one:
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A basis for 5* can be found by choosing Xj G S such that Xj (T) = Ej for som
fixed T €E I. In this case, if

and X ( r ) = £, then X = &Xi + • • • + £nXn.
As an example, consider the system of two equations for t 6 7£:

which can be written as

Clearly, x\(t) = c^e11 and x^t) = C2f3t, where c\,C2 arc arbitrary constants.
In particular,

give two solutions U,V of the system, and since £7(0) = EI, V'(O) = £2, we
know [7, V is a basis for the solutions. Every solution X of (2.4) has the form
X = ciU + C2V; that is,

where c\ and ci are constants.
For a second example, consider the system

or

It is easy to check that

are solutions of this system satisfying £7(0) — EI, V(Q] = E-2, and hence U, V
is a basis for the solutions.
There is a slightly more sophisticated way of expressing the results of Theorems 2.1 and 2.2. Let T e / be fixed, and for any £ € Fn denote by X ^ ( t )
that solution of (H) such that X^(T) = £.
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Theorem 2.3: The map S : £ € JF" —> X^ € 5 is an isomorphism: that
is, it is linear, one to one, and onto S. Therefore, since Fn is n dimensional
over f, so is S.
The proof of this result, is left, as an exercise.
A basis Xi,..., Xn for 5 can be identified with the n x n matrix X(i) =
(X-[,. . . , Xn} with columns X\,..., Xn. The basis X is also called a fundamental matrix for (H). If

then the r/th element of X(£) is Xij(t), X = (x,j). A linear combination
c\X\ + • • • 4- cnXn of the basis elements can then be written succinctly as XC,
where

and each X E S can be written uniquely as X = XC for some C € Tn'. The
particular basis X = ( A ' i , . . . . Xn) such that XJ(T) = E-j is the one satisfying
X(r) — I n , the n x n identity matrix.
In the example (2.4), X = (U, V] is the basis given by

whereas for (2.5). X = (T7, V) is defined via

In both cases we have X(0) = 12- The solution X ( t ) of (2.5) satisfying

is given by

More generally, an nxn matrix X = (Xi,.... Xn) with columns X\,.... Xn
is a solution matrix for (H} if each Xj € S. Extending the previous notation,
we will write X e S. Such an X is a solution of the matrix equation

in the sense that
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since the jth column of the two sides of this equation are the same,

Theorem 2.4: A solution matrix X for (H) is a basis for S if and only if
X(i) is invertible for all t G I.
Proof: Suppose X(£) is invertible for all t €E /, and let XC = 0 for som
C e T11. Then C = X' 1 (t)X(f)C = 0, showing that X is linearly independent
and hence a basis for S.
Conversely, suppose X is a basis for S. Let T be arbitrary in /, and suppose
that C e Tn with X(r)C = 0. The solution X ( t ) = X(t)C vanishes at T, so
X ( t ) = X(t)C = 0. Since X is a basis for 5, we must have C = 0. Thus X(r)
is an n x n matrix whose only null vector is 0, so that X(r) is invertible.
If X is a solution matrix for (H) and C 6 Mn(F), then Y = XC is also a
solution matrix for

The next result shows that if X is a basis for S1, then every Y e 5 has this
form.
Theorem 2.5: Suppose X is a basis for S. If C e Mn(T) #jen Y =
XC € S. Conversely, given any solution matrix Y for (H}, there exists a
C € Mn (f] such that Y = XC. The solution matrix Y — XC is a basis for
S if and only if C is invertible.
Proof: We have shown that Y = XC € S for any C e Mn(F). If Y e 5,
r € 7, and C = X~ 1 (r)Y(r), then Y and XC are solution matrices having the
same initial value Y(r), and uniqueness then implies Y = XC. Now Y = XC
is a basis if and only if XC is invertible, and since X is invertible this is true
if and only if C is invertible. n
2.3.3

The Wronskiari

A matrix C is invertible if and only if its determinant det(C) is not zero. If
X = (X]_...., Xn) is any solution matrix for the homogeneous system (H), the
Wronskian Wx °f X is the function

In the example (2.4)

and in example (2.5)
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Recall that the trace of a square matrix A — (a^) is defined to be the sum of
the diagonal elements, tr(A) = a n + a^i + • • • + ann.
Theorem 2.6: Let X be a solution matrix for (H], and let Wx. — det(X).
Then
Hence Wx(£) 7^ 0 for all t £ I if and only if WX( T ) / 0 for
Proof: Using the definition of the determinant

one T £

I-

where the sum is over all permutations p = ( p ( l ) , . . . ,£>(n)) of ( 1 , . . . , n). Here
sgn(p] is the sign of the permutation, sgn(p) = ±1 if p is even or odd, respectively [1]. Using the product rule for differentiation, W^- is the sum of n
determinants:
where Wi is obtained from Wx by replacing the iih row xn,... ,xin by the
derivatives x ^ , . . . , x'in. For example,

The equation X' = AX implies that

and hence

The value of w\ remains unchanged if we add to the first row a constant
multiple of another row. Adding to the first row — a\2 times the second row,
—ai3 times the third row, etc., we see that

in view of (2.7). Similarly, Wj = djjWx, so that

From this it follows that (2.6) is valid since both sides of the equation satisfy
W-j£ = (trA)Wx and have the value WX(T) at t = T.
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First-order nonhomogeneous systems

Now consider the nonhomogeneous system

where A G C(I,Mn(F)), B 6 C(I,Jrn), and I is an arbitrary real interval.
Suppose Xp(t) is a particular solution of (NH) and X(t) is any other solution.
Then U(t) = X ( t ) ~ Xp(t) satisfies the corresponding homogeneous equation

Conversely, given any solution Xp(t) of (NH) and a solution U(t) of (H), the
function X ( t ) = Xp(t) + U(t) is a solution of (NH), since

These simple facts are summarized in the next theorem.
Theorem 2.7: The set S' of all solutions of (NH) on I is an affine space

where X
p is a particular solution of (NH).
As an example, consider the system, defined for t e 7£,

which can be written as

The corresponding homogeneous system is just (2.5), which has a basis

Since
is a particular solution, solutions X of (2.8) are given by

where cj,C2 are arbitrary constants. The solution X satisfying X ( 0 ) ~ 0 is
given by

Properties of Linear Systems

33

since X ( 0 ) = Xp(Q) + X(0)C = Xp(Q) + C = 0 implies

Provided a basis X for (H) is known, the solutions of (NH) can be found
by integration. This is done by the variation of parameters method (also called
variation of constants}. If X is a basis for (H) every solution X of (H) can be
written as X = XC for C G Tn. By analogy, consider solutions of (NH) of
the form X ( t ) = X(t)C(t), where C is a function C : I -> F1. Then
X'(t) = X'(t)C(t) + X(£)C"(t) = A(t)X(t)C(t) + X ( t ) C ' ( t ) = A(t)X(t) + B(t)
if and only if

This equation for C has solutions

where r G / and £ is a constant vector in Tn. Thus X = XC given by

is a solution of (NH). Choosing X so that X(r) = I n , we see that X(T) = £.
This establishes the following result.
Theorem 2.8: Let X be a basis for the solutions of (H}. There exists
a solution X of (NH} of the form X — X(77 where C is any differentiate
function satisfying XC" = B. If X is the basis such that X(r) = In, the
solution X of (NH) satisfying X(r) = £ is given by

Formula (2.9) is called the variation of parameters formula.
particular that

Notice in

satisfies (NH) with Xp(r) = 0.
The variation of parameters formula requires inversion of X. Recall that
for any invertible square matrix X = (x ? ;j),
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where adj(X) = (£y) and £,y- is the cofactor of xjt in X. Thus £y is (—I)7'"1"-7
times the determinant obtained from X by crossing out the jih row and ith
column in X. In the 2 x 2 case we have

Consider the example (2.8) with the basis

for the homogeneous system X' = AX. In this case

and therefore the solution Xp of X' = AX + B satisfying XP(Q) = 0 is given
by

2.4

Higher-order equations

2.4.1

Linear equations of order n

Differential equations often involve derivatives x^ with n > 1. The largest
positive integer n such that x^ appears in an equation is called the order
of the differential equation. The study of a linear equation of order n on an
interval /,

where a,j, b 6 C(J, J7), can be reduced to the study of an associated first-order
system. A solution of (2.10) on / is a function x : I ~> F having n (continuous)
derivatives on J such that

There is a standard first-order system associated with (2.10). If x(i) is a
solution of (2.10), the n functions
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will satisfy the system of equations

This system can be written in the form

if

Conversely, if Y satisfies ( 2 . 1 1 ) on /. its first component y\ = x is such that
yj = x(3 [ ] , j = 1 ; . . . .n, and x satisfies (2.10) on /. The system (2.11). with
A, B given by (2.12), is called the first-order system associated with (2.10).
For example, the first-order system associated with the equation

is

or

The coefficients in (2.11) satisfy A e C(I,Mn(F)), B e C(/,.F"), and therefore the existence and uniqueness theorem for linear systems (see Theorem 7.4)
applied to (2.11) yields the following result.
Existence and uniqueness theorem for linear nth-order equations:
Given any r e / and
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there exists a unique solution x of (2.10) on I satisfying

For any x e Cn~l(I, f) we define the function x € C(I,fn} by

Thus x is a solution of (2.10) if and only if y — x is a solution of (2.11).
If b(t) 7^ 0 for some t G / we say (2.10) is a nonhomogeneous equation
(NHn), and the equation

is the corresponding homogeneous equation. The system associated with (Hn)
is the homogeneous one
A solution x(t] of (Hn) is trivial if x(t) = 0 for all t & I. One consequence of
the theorem above is that if x is a solution of (Hn) with X(T) — 0 for some
T € /, then x(t) = 0 for all t € /. Theorems 2.1 and 2.2 have the following
consequences.
Theorem 2.9: The set of all solutions Sn of (Hn] on I is an n-dimensional
vector space over T. A set of k solutions x i ( i ) , . . . ,Xk(t) of (Hn) is linearly independent if and only if for each T e /, x\ (T), ..., Xk(r) is linearly independent
in Fn.
Proof: The latter statement requires checking, but it follows directly from
the observation that x\,..., x^ € S is a linearly independent set if and only if
x i , . . . , x/t is a linearly independent set. In fact, the map x G Sn —> x € S is
an isomorphism, n
We identify any set of n solutions x\(t),... ,xn(t) G Sn with the 1 x n
matrix
writing X € Sn if each Xj €E Sn- The matrix-valued function X is a basis for
Sn if and only if
which is a solution matrix for (2.13), is a basis.
As an example, a basis for the solutions of the equation

is given by
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and

is a basis for the associated system

The Wronskian VFx(£) of X(£) = ( x i , . . . , x n ) e Sn is defined to be the
function

Theorems 2.4 and 2.6 now imply the following result.
Theorem 2.10: X = (XT, ... , x n ) € 5n is a basis for Sn if and only if
X(t) is invertible for all t £ I; that is, if and only if Wx(t) / 0 for a^ t £ I •
The Wronskian satisfies

so that W~x_(t) / 0 for all t £ I if and only if WX(T) ^ 0 for any r e / .
Proof: The formula for W^ follows from (2.6), with A replaced by the A
in (2.12), so that tr(A) = -a n _i.

2.4.2

Nonhomogeneous linear equations of order n

If S'n denotes the set of all solutions to (]\THn) on /, an application of Theorem
2.7 gives the following theorem.
Theorem 2.11: The set of solutions S'n of (NIIn) on I is the affine space

where xp is a particular solution of (NHn).
For example, it is easy to check that

is a solution of the equation
Since a basis for the solutions of
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is given by X(t) = (cos(i),sin(i)), the solutions x of (2.14) are given by

where ci,C2 are arbitrary constants.
A particular solution of (NHn) can be obtained by using Theorem 2.8 on
the system (2.11) associated with (NHn). If X = ( x i , . . . , x n ) is a basis for
the solutions Sn of

then X = (xi,.... xn) is a basis for the solutions 5 of the system

Theorem 2.8 says that the nonhomogeneous system

has a solution Y(i) of the form Y(t) — XC, where C is any differentiable
function satisfying XC" = B. The first component x = XC of Y will then be
a solution of the nonhomogeneous equation

In terms of the components c i , . . . , cn of C, the equation XC" = B becomes
the system of linear equations

One C such that C' satisfies (2.15), or XC" = bEn, is

Thus a particular solution x of (NHn) on / is given by
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We have been assuming that a ri , the coefficient of :rn> in the equation
(NHn). is identically equal to 1. If an(t) / 0 for t € / and if o,n e C(/,.F), the
more general equation

can be reduced to the case a n (t) = 1 by dividing by an(t). This replaces 6(i)
by b ( t ) / a n ( t ) , so the equations (2.15) become XC' — bEn/an, and the formula
for a particular solution becomes

Theorem 2.12: Let X = ( x i , . . . ,x n ) 6e a basis /or i/ie solutions Sn of

There exists a solution x of

of the, form x — XC, where C is a differentiable function satisfying XC' =
(b/an)En. Such a solution x is given by (2.16).
Consider the example
whose corresponding homogeneous equation is

(#3) has solutions of the form x ( t ) - eXi if A3 - A = 0 or A = 0,1, -1. Thus

gives a set of three solutions of (tfs)- Since

X is a basis for the solutions of (#3). Thus there is a solution x of (NH^) of
the form
where c.[.02,03 satisfy
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Solving this system of equations for c[, c'2, and C3 and then integrating, we
can choose

The solution x given by (2.17) is then x(t) = — (t 2 /2) — 1. But since —1 is a
solution of (#3), another particular solution of (NHs) is x(t] = —1 2 /2. Every
solution of (NHs) has the form

To compute the solution xp satisfying xp(0) = 0, we must satisfy the three
equations

which have as a solution a\ = —1,0,2 = 1/2,03 = 1/2. Then

2.5

Notes

There are many books covering the basic material in linear algebra; one sample
is [1]. More comprehensive treatments, which include topics that will be used
in Chapter 3, can be found in [7, 9, 10].
So far we have only needed some elementary calculus of vector-valued functions. More sophisticated ideas for studying vector-valued functions will appear in subsequent chapters. The text [17] covers the necessary material and
is more user friendly than the classic [22].

2.6

Exercises

1. Let A, BeAf 2 (C), where

Compute
Find a basis for Ran(A), and compute dim(.Ran(A)). Similarly, find a basis for
JV(A), and compute dim(]V(A)). Verify that dim(.Ran(A)) + dim(JV(A)) = 2.
2. If A € Mn(F], show that the nullspace -/V(A) and range Ran(A) are
vector spaces over f.
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3. Suppose that A G M n (J r ). Show that A is invertible if and only if the
function x G Tn -+ Ax G Tn is one to one and onto.
4. If A G Mmn(JT), show that the function x G Tn —> Ax G Trn is linear.
Show conversely that every linear function L : Tn —> .T7771 can be written as
multiplication on the left by a matrix A.
5. Show that / i , . . . ,n f is a basis for Tn if and only if there is an invertible
matrix A G Mn(T} such that fj — Aej, where e i , . . . , en is the standard basis
for F1.
6. Suppose that for each t G / the matrix-valued function Ai(t) in (2.1) is
invertible and that A^l(t] G (7(/, M n (jF)). Show that (2.1) can be rewritten
in the same form as (2.2).
7. Let / = [0,1]. Are the following sets of functions x\,x<2 G C(I,C2}
linearly independent? Give a proof in each case. Note that here

8. Find the basis X — (U,V] for the system

on K such that X(0) = 129. Find the basis X = (U,V) for the system

on 7£ such that X(0) — 12- (Hint: Solve for x\(t] and then solve for x^t}.
10. (a) Verify that X = (U, V), where
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is a basis for the solutions of

on /<,.
(b) Compute that solution X of (2.18), satisfying

11. Show that the coefficient matrix A in

is uniquely determined by a basis X for the solutions of (H). (Hint: X' = AX.)
12. Prove Theorem 2.3.
13. Let X be a differentiable n x n matrix-valued function on a real interval
7. and assume that X(t) € Mn(F) is invcrtiblc for all t 6 /. Show that X"1 is
differentiate on I and
(Hint: X"1 = ad?'(X)/det(X), where adj(X.) = (Xy) and (X ZJ ) is the cofactor
of Xji in X. Both adj(X) and det(X) are differentiate, and det(X) / 0. Use
the identity XX"1 = !„.)
14. Recall that if X = (xjj), the adjoint matrix is X* = (xjl}.
(a) If X is a basis for

where A e C(I, Mn(J=")), show that Y = (X*)"1 is a basis for

(Hint: Use exercise 13.) The equation (H*) is called the adjoint equation to
(H).
(b) If X is a basis for (77), show that Y is a basis for (H*) if and only if
Y*X = C, where C is a constant invertible matrix.
(c) If A(t) is skew hermitian, that is, A*(t) = — A(i) for t 6 7, we say (H)
is selfadjoint. In this case show that X*X — C, a constant invertible matrix,
for any basis X of (H).
15. Let A, B e (7(7, M n (^)), where / is a real interval. Consider the
matrix differential equation

(a) Let X be a basis for X' = A(t)X and Y a basis for Y' = B*(t)Y.
Show that for any C € Mn (JF) the matrix-valued function Z = XCY* satisfies
(2.19).
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(b) Conversely, show that if Z satisfies (2.19), then for some constant n x n
matrix C we have Z = XCY*. (Hint: Let U = X~ 1 Z(Y*)- 1 and differentiate.)
16. (a) Verify that

gives a basis X for the system

(b) Compute W x (£) = det(X(t)), and verify that

17. Let X = (17, V) where

(a) Show that X is linearly independent on 72..
(b) Note that det(X) = 0 for t e U. Does this contradict (a)? Why?
18. Suppose X is a basis for the system

where A 6(7(7, Mn(C)}.
(a) If tr(A(t)) = 0 for t 6 /, show that W x (0 = c, a constant,
(b) If A*(i) = -A(i) for t € /, show that \Wy^(t), = c, a constant,
(c) If A € C(I, Mn(R.)) and A*(t) = - A(f) for t 6 /, show that VFX(/) = c.,
a constant.
19. Consider the complex system

on an interval /. If A = (o-jA-)- then

where 6 j f c (t),c 7 fc(t) e 7£, so that A — B + /C, where B = (b^,), C = (c, /fc )Similarly, if X is a solution of (2.20) on L X(t] = U(t] \- / V ( t ) , where

U(t),V(t) e7en.r.

(a) Show that X — U + iV is a solution of the complex system (2.20) if
and only if
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is a solution of the real system

(b) Show that X = U + z'V, where U, V e C(/, Mn(K)) is a solution matrix
of (2.20) if and only if

is a solution matrix of (2.21).
(c) Show that det(W) = |det(X)| 2 , so that X is a basis of (2.20) if and
only if W is a basis of (2.21).
20. Consider the nonhomogeneous system

on K, or X' = AX + B(t), where

The basis X for the corresponding homogeneous system X' = AX satisfying
X(0) = Lj was computed in exercise 9.
(a) Find all solutions of (NH). (Hint: Solve first for x i ( t ) . )
(b) Find that solution Z of (NH) satisfying

(c) Compute Xp, where

(d) What is the relation between Z and XP7
21. Consider the nonhomogeneous system

on some interval /, together with the corresponding homogeneous system

For t,r € /. let S(t, r) € Mn(F) be the unique matrix satisfying

Properties of Linear Systems

45

Show that
(a) if X is any basis for (H) then

(b) S(t. T ) S ( r . a ) = S(t, a), t, r,a e /;
(c) S-^-T) = S(r : t). « , r e / ;
(d) the solution X of (NH) satisfying X ( r ) = £ is given by

22. (a) Let X be a basis for the solutions of (Hn) and suppose a,,_i(t) = 0
for t G /. Show that VFx(i) —t;i a constant.
(b) Find the basis X for

satisfying X(0) = I-2- (Hint: Try solutions of the form x ( t ) = e A / .)
(c) Compute W'x for the X in (b).
23. Consider the homogeneous equation

on H.
(a) Show that X = (.EI . x-2, x$) given by

is a basis for (#3).
(b) Find that solution u of (H$) satisfying u(0) = E2; that is. a(0) = 0.
u'(0) - 1, u"(0) = 0 .
(c) What is the first-order system

associated with (#3)?
(d) Compute X, a basis for (H).
(e) Compute Wx = det(X).
(f) Verify that

24. Consider the noiihomogeneous equation
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(a) Write down the first-order system

associated with (NHs).
(b) Using the basis X given in exercise 23(a). for (#3) find a solution x
of (NH%) of the form x = cix\ + c^xz + 03.7:3. where the Cj are differentiate
functions.
(c) Find that solution xp of (NHs) satisfying xp(0) = 0.
(d) Find that solution x of (NH$) satisfying x(0) — EI- (Note: x = u + xp,
where u is given in exercise 23(b) and xp is given in (c) above.)
25. (a) Let X = (21,0:2) be a basis for the solutions of the second-order
equation
where a} € C(I,F). Show that the variation of parameters formula (2.16) for
solutions 2 of the nonhomogeneous equation

where b € C(I,F) takes the form

where ^ e F, Wx(s) = zi(.s)4(,s) - x((s)x2(s).
(b) Show that the function xp given by

satisfies XP(T) = 0; that is, xp(r) = 0. X'P(T) = 0.
(c) If X is the basis satisfying X(r) = 12, show that the x given in (2.22)
satisfies X(T) = £; that is, z(r) = ^j, x'(r) = £>.
26. Consider the nonhomogeneous equation

where the a^, b € 0(1.^) for some interval /. along with the corresponding
homogeneous equation

Suppose X = ( x i , . . . , 2 n ) is a basis for (Hn).
(a) Show that the particular solution x given by (2.16) satisfies X(T) = 0.
(b) For fixed s € / let
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Show that xs satisfies (H7l) and

Thus if k(t, s) = xs(t) for t.s<=I. then

and k is independent of the basis X ehosen.
(c) If X is the basis for (Hn) satisfying X(r) = !„, show that the x given
by

satisfies (NHn), X(T) = £.
27. All the results in sections 2.4.1 and 2.4.2 extend to systems of rn linear
equations of order n,

where

and a solution of this equation is a function X : I —-> J-~'n having n derivatives
on / and satisfying (2.23).
(a) Show that (2.23) may be rewritten as the first-order system

where

and the zeros represent rn x m zero matrices.
(b) Show that the set of solutions of Y' = A(t)Y is an nm-dimensional
vector space over J-.
(c) Formulate the existence and uniqueness theorem for (2.23).
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Chapter 3

Constant Coefficients
3.1

Introduction

The previous chapter introduced the basic algebraic structure of the set of
solutions to a linear system of ordinary differential equations. In particular
the variation of parameters technique reduces the problem of solving a general
nonhomogeneous system to the more restricted problem of solving the associated homogeneous system. In this chapter we will focus on the first-order
linear homogeneous system
with a constant coefficient matrix An (6f )M
. There are several reasons for
directing our attention to systems with constant coefficients. First, as Chapter
1 demonstrated, such equations arise in the study of many basic applications.
Second, this class of problems is susceptible to a complete analysis, which
depends only on the linear algebraic properties of the coefficient matrix A.
Finally, the analysis of such systems is a model for the study of more sophisticated problems.
The coefficient ma-trix A in (3.1) can be considered as a constant function
in C(R,Mn(Jr))} so the existence and uniqueness theorem for linear systems
(see Theorem 7.4) implies that given any r € Ti. £, G J-n. there is a unique
X(t) e CCJl,^) satisfying (3.1) on K, with X(T) = £. Thus the set S of
solutions of (3.1) are functions defined on the whole real axis with values in
fn.
All such systems may be solved by an algebraic analysis of the matrix A.
If n — 1 and A — a € J-, the equation has the simple general solution

Note that x(Q) — a. and hence the solution x satisfying x(0) — 1 is given by
x(t) = eat. A similarly straightforward system arises if the n x n matrix A is
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diagonal:

In this case it is easy to verify that the vector-valued function

satisfies

This explicit solution of systems with a diagonal matrix A extends to the
much richer class of systems whose coefficient matrix is similar to a diagonal
matrix. That is, suppose there is an invertible matrix Q with column vectors
ctj E Tn,
and a diagonal matrix

such that
In this case the system (3.1) may be rewritten as

The functions Y = [Q 1X] isatisfy a system with a diagonal coefficient matrix,
so

satisfies
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But this implies that X ( t ) = QF satisfies

Since there are n x n matrices which are not similar to a diagonal matrix,
this approach will not work in every case. The appropriate generalization of
these ideas, which is applicable to all constant coefficient systems (3.1), will
lead us to consider the Jordan canonical form of a matrix A.
As an alternative to this linear algebraic analysis of (3.1), there is an analytic approach which always provides an explicit solution. The price we pay
for this greater generality is that the algebraic structure of A, which governs
the behavior of solutions, is often concealed. Recall that eat has a power series
expansion

which is convergent for all t £ TL. It is remarkable that a similar series provides
solutions for (3.1).
By analogy with the solution (3.2) in the case n -- 1. consider solutions X
of (3.1) satisfying X(0) = £ which have a power series representation

Insertion of this series into (3.1) yields

Hence X'(t) = A.X(t) if and only if these two power series are the same; that
is.
Since X(Q) = £ = C0, we see that Ci ~ A£, 2G2 = A 2 £, and generally

(Note that A° = I,,.) This formal power series argument suggests that the
solution X(t) satisfying X(0) — £ has the power series representation
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A basis for (3.1) may be obtained by taking solutions Xj(t) with ^j(O) =
EJ, the standard basis for T™. Then the basis XA = (Xi,...,Xn) satisfies
X A (0) = (£1, ...,£„) = In. Letting £ = E3 in (3.4) we get

Since X^(t}Ej — Xj(t) is just the j f h column of X^(t), it follows that

Since this chapter emphasizes the use of tools from linear algebra, the additional analysis required to justify this power series approach is deferred until
Chapter 5, where the general study of power series solutions for differential
equations is considered. Here we simply note that the series (3.5) converge
for all i G 72. and does in fact define a basis for (3.1). It is natural to define
the exponential function eA* to be this series,

The next result summarizes this discussion.
Theorem 3.1: The basis XA. for the solutions S of (3.1) with X A (0) = In
is given by
The solution X of (3.1) such that X ( 0 ) — £ £ J-n is given by

For any fixed r 6 72. the function Y given by

satisfies
and Y(r) = 1n. Hence Y is also a basis for (3.1), and the solution X of (3.1)
satisfying X(T) = £ can be written as

As an example, let

Constant Coefficients

53

so that the system (3.1) is

It is easy to check that

and hence

The solution X satisfying X(Q) = £ is given by

as we already know.
As a second example, consider

Now A2 = —12, A3 — —A, A4 = \2i A5 — A, . . . , and, in general,

Thus

The analysis of the example (2.5) has already verified that the columns of this
matrix form the basis Xp^ for the solutions of

satisfying X^(0) = \^.
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Properties of the exponential of a matrix

The exponential of a matrix behaves like an ordinary exponential function
in some ways. The following properties are consequences of the fact that
X A (t) = e^ is the unique X 6 Cl(R, Mn(f)') satisfying

Letting s E 11 be fixed, put Y(t) = X A (t + s) and Z ( t ) = X A (t)X A (s). The
functions Y and Z are solutions of X' = AX, since

Moreover, Y(0) = Z(0) = X A (s), and uniqueness implies that Y(t) = Z(t) for
all t £ 71. which is just
Interchanging the roles of s and t we get the two equalities in (i). Now (i) with
s = —t implies that
which is (ii). As for (iii), note that the Wronskian det(X A ) of XA satisfies
(see Theorem 2.6)

or

which is (iii).
The analogy with the ordinary exponential function is not complete, however. For A,B 6 Mn,(jF) it may happen that
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An example is provided by taking

Since A2 = A we have e^ = 1-2 + (c. - 1)A. or

and since B2 = 0. e B = I2 + B. or

Now

and C2 - C implies that e^ = I2 -\- (e - 1)C. or

On the other hand,

Notice that in this example AB = 0 ^ BA = B. What is true is that if
AB = BA. that is, if A and B commute, then

Theorem 3.3: The. following are, equivalent:

Proof: We will show that (i) => (ii) => (iii) ^> (i). If X A (i) = e.At and (i)
holds, then
and therefore BX A(i) = XA(f)C for some matrix C G Mn(J-). Evaluating at
t = 0 gives B = C, which is (ii).
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If (ii) holds, then Y = XAXj} satisfies

Since
and

uniqueness implies XA+g = Y = X A Xjj, which is (iii).
Finally, suppose (iii) is valid. Differentiation gives X A = AX A and XA =
AX'A = A 2 X A , implying that X'A(0) = AX A (0) = A and X A (0) = A 2 .
Thus

AB = BA, which is (i).(i).
As an example, if

then (3I2)J = J(3I 2 ) = 3J and

The basis XA for the solutions of

satisfying X A (0) = I 2 , is thus given by
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Nonhomogeneous systems

The variation of parameters formula (2.9) can be applied to the system

where I is a real interval. The basis for (3.1) satisfying X(r) = In is X(i) =
e^'-^, so that

and Theorem 2.8 yields the following result.
Theorem 3.4: The solution X ( t ) of (3.6) satisfying X ( T ) = £ is given by

3.4

Structure of the solution space

3.4.1

A special case

Although the formula XA(^) = £ is a very elegant representation for a basis
of solutions for the system X' = AX and (3.7) is a very pretty formula for a
solution of (3.6), we are still left with the problem of computing e in order to
determine the precise structure of the set S of solutions of X' = AX. To gain
some intuition, let us return to the case n = 1, where the equation is x' = ax,
a E f. Here every solution has the form x ( t ) = eata. where a e JF. If

then for any complex number A,

and this is zero for a ^ 0 if and only if A = a.
The analogue of this idea provides a fruitful method for discovering solutions of (3.1). Defining

let us try to find a solution of (3.1) of the form e a, where A E J - , a £ J-n.
a / 0. It follows from

that L(e^ta) = 0, or e^a is a solution of (3.1), if and only if
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The constant vector a =- 0 is a solution of (3.8), which leads to the trivial
solution of (3.1). For a nontrivial solution we must find a ^ 0 satisfying (3.8).
An element A € T such that (3.8) has a solution a e J7™, a ^ 0, is called an
eigenvalue of A in J-", and any a ^ 0 satisfying (3.8) is called an eigenvector
of A for A.
The equation (3.8) is a system of n homogeneous linear equations for the
n components a\,..., an of a, and there is a nontrivial solution if and only if
the determinant det(AI n — A) is 0. If A = (a^), then

so that PA.(\) = det(AI n — A) is a polynomial in A of degree n, with the coefficient of A71 being 1. This polynomial J^A is called the characteristic polynomial
of A. and its roots \j € T are the eigenvalues of A.
Matrices with all entries real may have no real eigenvalues. For example, if

then

This characteristic polynomial has the roots i, —?', which are not in ~R,. For
this reason it is convenient to assume that f = C, A e Mn(C], since the
fundamental theorem of algebra guarantees that every polynomial of degree
n > 1 with complex coefficients has n complex roots, counting multiplicities.
Note that any A € Mn(Tt) can be considered as an A € Mn(C).
For A € Mn(C) let A j , . . . . Afc e C be its distinct eigenvalues, the distinct
roots of PA • The polynomial pj± has a product representation

where the algebraic multiplicity rrij for each eigenvalue Aj is uniquely determined and mi -I- • • • + mk = n. For each Aj let a.j e Cn be an eigenvector of A
for AJ, that is, Actj = AJCVJ. The computations above show that the functions

are solutions of X' = A.X.
If A has n distinct eigenvalues, then the eigenvectors « i , . . . . an are linearly
independent and hence form a basis for Cn (see exercise 20). In this special case
the Xj defined by (3.9) give a basis for S since -Xj(O) = citj and the structure
of S is known.
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Theorem 3.5: // A € Mn(C) has n distinct eigenvalues A i , . . . , A n with
corresponding eigenvectors a i , . . . ,«„, then the set of functions

is a basis for S.
Suppose that Q and J denote the n x n matrices

Here J = d i a g ( A i . . . . , A n ) denotes a diagonal matrix

with A ] , . . . , Xn down the main diagonal and all other elements zero. The jth
column of the basis X(i) = (X\(t) X
n ( t ) } is just the jth column of Q
multiplied by exp(A,£), which means that the basis in Theorem 3.5 is

Several examples will illustrate these ideas. First, let

The characteristic polynomial is

so that A has eigenvalues AI — —3, \2 = 2. The components c\. c-2 of an
eigenvector a for an eigenvalue A satisfy

Thus for A] = —3 we obtain

or c-2 = —2ci. Eigenvectors for A = —3 and A = 2 are. respectively.

The corresponding solutions of X' — AX are given by
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Therefore a basis for the solutions of the system

is given by

If

then PA (A) = A2 + 1, whose roots are AI = i, X? = —i. Eigenvectors for AI, A2
are

respectively, with corresponding solutions U, V of X' = AX being

Thus a basis X for X' = AX is given by

We observed at the end of section 3.1 that another basis is XA, where

As a third example, let

Then PA (A) = (A + 2)2 with one root A = — 2 having multiplicity m = 2. Every
eigenvector for A = —2 is a nonzero multiple of

and a solution U of X1 = AX is given by

In order to find a basis for X' = AX another solution is needed. This problem
is discussed in general in the next section.
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3.4.2 The general case
If A has fewer than n linearly independent eigenvectors, we are still faced with
the problem of finding more solutions. Their discovery will hinge on a result
from algebra, the primary decomposition theorem. (See [9] for an explicit
presentation of this result, or [7, Theorem 10.2.2]. Reference [10] also has
related material.) To see how this result comes into play, let us return to the
equation
which is valid for all A € C, t e 7£, a 6 Cn. Pick a second vector [3 6 Cn.
Since differentiation of e^ft with respect to A commutes with differentiation
with respect to t, equation (3.10) gives

Also

which gives
Adding the equations (3.10) and (3.11), we obtain

Thus ext(a + tft) is a solution if and only if

and

Equations (3.12) and (3.13) imply that

Conversely, if a satisfies (3.14) and ft is defined by (3.12), then (3.13) is valid.
If A is an eigenvalue of A with algebraic multiplicity two we would like to
find a, ft satisfying (3.14), (3.12). If 01 is an eigenvector for A, then (3.14)
and (3.12) are satisfied with S3 = 0. This gives the solution X\(i) = extai
obtained earlier. The primary decomposition theorem guarantees that there is
a second choice of a satisfying (3.14), say a = 0*2, such that a\, a? is a linearly
independent set. Then ft defined by (3.12) with a = 0:2 gives rise to a second
solution X-i(t) = 6^(02 + tfl), and X±,X-2 is a linearly independent set since
0:1,0:2, which are their values at t — 0, are linearly independent. Both X\ and
X<2 may be written in a common form:
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Before stating the primary decomposition theorem we introduce some terminology. If A is an eigenvalue of A e M n (C), the eigenspace £(A, A) of A for
A is the vector space

that is, £(A, A) is the set of all eigenvectors of A for A together with the zero
vector. The generalized eigenspace f( A, A) of A for A is the vector space

which is the set of all a £ Cn satisfying

Note that £(A, A) C .F(A, A).
Primary decomposition theorem: Let A € Mn(C) have distinct eigenvalues AI, . . . , \k with corresponding algebraic multiplicities m i , . . . , m^, where
mi + • • • + nik = n. Then

and
a direct sum in the sense that each £ E Cn can be written uniquely in the form,

A direct consequence of this theorem is the following characterization of
the structure of 5 in the general case.
Theorem 3.6: Suppose that A £ Mn(C) has distinct eigenvalues AI, . . . , Afc
with algebraic multiplicities m i , . . . , m^, respectively. If £, E Cn and £ = £1 +
• • • + £k> where £j € jF(A,Aj), then the solution X of X' = A.X satisfying
X(Q) = £ is given by

where Pj is a vector polynomial in t of degree at most rrij — 1,
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Proof: The primary decomposition theorem guarantees that £ £ Cu can be
represented uniquely as

Thus
and we have

But since
it follows that

and

where Pj(t) is given in (3.16). Thus

and
which is (3.15).
Finding a basis for the solutions of X' = A.X is now reduced to finding a
basis for each of the spaces ^"(A, Ay).
Theorem 3.7: If for each j — 1,... ,k and i — 1,. . . , rn.j, the. vKctors Qy
form a basis for J - ( A , X j ) . then the n vectors a^ give a basis for C", and the
Xij given by

constitute a basis for S.
Proof: Putting £ — a r; in Theorem 3.6, Xvj is the solution of X' = AX
satisfying -X",;j(0) = a,.,. The n solutions X.tJ give a basis for S since the al}
arc linearly independent and form a basis for Cn. To see this, suppose there
are constants ctj £ C such that
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With

we have
and the primary decomposition theorem, implies that each aj = 0 . Then the
linear independence of the a^, i = 1 , . . . , mj, implies that all c^ — 0.
Corollary 3.8: //

then a basis for S exists of the form
where QJJ 6 Cn, i = 1 , . . . , m j , is a basis for £(A, Aj).
This corollary applies in the simple case A = In. The matrix A has a
single eigenvalue A = 1 with multiplicity n. The equation (A — In)a — 0 for
eigenvectors a with \ — 1 has n linearly independent solutions E\>..., En. A
basis is then given by

Corollary 3.9: If A € Mn(C) has n distinct eigenvalues X\,..., \n with
corresponding eigenvectors « i , . . . , an, then X = (Xi,..., Xn], where

is a basis for S. We have

and
Proof: This is the special case of Corollary 3.8 with k = n, m-j\ = 1 for each
j = 1 , . . . , n. The equations

can be written as
and hence A = QJQ"1. The basis X = ( X i , . . . , X n ) , where
can then be written as

Since X^(t) = e is also a basis for 5, we must have X^(t) = Qe C for
some invertible C € Mn(C). Putting t = 0 we get In = QC, or C = Q"1, and
hence eAt = Qe^CT1.
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Some examples

Theorems 3.6 and 3.7 give a prescription for solving X' = AX. We first
determine the eigenvalues of A, together with their multiplicities. If A is an
eigenvalue of multiplicity m, there are rn linearly independent solutions of the
form
where a,3-j e Cn. The initial values X ( 0 ) = a belong to /"(A, A); that is they
satisfy
and there are m, linearly independent choices of a satisfying this equation. For
each a, the 3j are uniquely given by

The collection of all solutions obtained by carrying out this procedure for each
eigenvalue in turn yields a basis for X' = AX.
Begin with the rather trivial example

The characteristic polynomial is pj^(X) = (A + 2) 2 . with a root A = -2 with
multiplicity m = 2. There are two independent solutions of the form

which in this case are simply

As a second example, let

which was considered briefly in section 3.4.2. Here PA_(\) = (A + 2) 2 , with a
root A = —2 with multiplicity m = 2. Thus there are two solutions of the form

where
Now
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and hence every vector in C2 satisfies the equation for a. A basis for these
solutions is

For a = EI we find 6 = 0, which gives the solution

For a = E<2 we obtain /? = E I , and so

is a solution. Thus

gives a basis for the solutions of the system

As a third example, consider

Here PA(\) = (A + 2) 3 with one root A = —2 with multiplicity m = 3. There
are solutions of the form

with

In this case

Every vector in C3 satisfies (A+2l3}3a = 0, and a basis for these a is E\,Ei, £3.
The choices for fl\, fa corresponding to these a are
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These yield the three solutions U, V, W, where

so that a basis is

As a final example, let

A calculation shows that

and therefore there is an eigenvalue AI = 1 with multiplicity m\ — 2 and
another eigenvalue A2 = 2 with multiplicity m^ = 1. Corresponding to AI = 1.
there are two solutions of the form

where
Now

and so two solutions of (A — Ia) 2 o' = 0 are E\. E 2 - The corresponding values
of ft are

This gives two solutions:

For A-2 = 2 there is a solution W of the form W(t) = e2ta. where (A—2X3)0 = 0.
Each such a is a multiple of E\ — E% — £3, and this gives a solution
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Hence a basis X for the solutions to the system

is given by

3.4.4

Real solutions

In case A £ Mn(R), it is convenient to consider A as a matrix with complex
elements in order to guarantee the existence of eigenvalues A £ C of A. This
led us to construct (in sections 3.4.1 and 3.4.2) solutions of X' = AX for each
eigenvalue, which in general have values in Cn. On the other hand, for A £
Mn(R,} there is a basis with values in 7in, namely that given by X^.(i) = e •
If X is any basis for the solutions of X' = AX, for example, the one constructed
in Theorem 3.7, then XA -= XC for some constant invertible matrix C. Now C
can be determined by noting that X^(0) = In = X(0)C, so that C = X^O).
Hence the basis X^, whose columns are in 7?." if A £ Mn(Ti), is given by
X A (i) = X(t)X- 1 (0).
For any B £ Mmn(C), whose entries are (bij), the conjugate of B is B —
(bij). By analogy with the complex numbers, B has a real part and an imaginary part,
It is simple to check that B = Re(B) + i Im(B), and

A matrix B £ Mmn(C) is said to be real if B £ Mmn(K). Thus B is real if and
only if B = Re(B) or B = B. In particular, if £ £ Cn, considered as M n i(C),
then Re(£),Im(f) e Rn, and £ = Re(f) + tlm(£).
If B is any function from a real interval / into Mmn(C), we say B is real

if B(t) is real for all t £ /. If B is the function given by B(t) = B(t), t £ /,

then B is real if and only if B = B.
Now suppose A € Mn(72.), so that A is real. We consider A 6 Mn(C) and
look at the set of all solutions S C C(U,Cn] of X' = AX_ If X(t) £ 5 then
~X(t) e S for X'(t) = AX(t) implies X'(t) = AX(t) = AX(t). Consequently,
U — Re(X) and V = Im(X) also belong to 5. A solution X is real, X — X, if
and only if its initial value X(0) = £ is real. This follows since
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if and only if £ = £.
Theorem 3.7 asserts that, for each eigenvalue A of A of multiplicity m,
there are m linearly independent solutions of X' — A.X of the form

where a,3} £ C". The initial values X(Q) = a satisfy

and the m linearly independent solutions are constructed by finding m linearly
independent a satisfying (3.17) and putting

When A £ "R. the system (3.17) has a real coefficient matrix (A - AI,,) m . so
that there are m linearly independent solutions a which are real (by Gaussian
elimination). The corresponding solutions X ( t ) 6 5 such that A(0) = a will
then be real.
If A <£ C is not real, then A is also an eigenvalue of A of multiplicity m.
This can be seen from the fact that the characteristic polynomial p& has real
coefficients:

Thus PA_(\) = PA_(\] shows that if A is an eigenvalue of A, so is A, and a
slight extension of this argument shows that they have the same multiplicity.
Moreover, (A - AIn)ma = 0 if and only if (A - AITi)ma = 0. so that the map
Q € ^(A, A) —> S € *F(A, A) is an isomorphism. Now corresponding to the
eigenvalue A there are m linearly independent solutions A'i
Xm £ S of the
form
where Pi is a polynomial in t of degree less than or equal to m — 1, and also
rn linearly independent X\,..., Xm £ S of the form

These 1m solutions A ' i . . . . , Xm. Xi,..., Xm corresponding to A form a linearly
independent set. for a - i , . . . , am.a\,... ,am is a basis for ^"(A, A)©JF(A. A). It
is not difficult to see that the 2m real solutions U\..... U,n, I7]..... Vm, where
[/,: = Re(Xj), V, = Im(A';), also constitute a linearly independent set. When
A £ Mn(Tl) this gives a method for constructing a real basis from that given
in Theorem 3.7.
As an example, consider
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In this case pp^(X) = A — 4A + 5, whose two roots are

Eigenvectors for AI and A2 are, respectively,

These yield the two solutions

and X, X give a basis for X' = AX. A real basis is given by U = Re(-X"),
V = lm(X). Since

we see that

and a real basis X = (U, V] is given by

3.5

The Jordan canonical form of a matrix

A more precise computation of eA* can be made by using a more refined result
from linear algebra which asserts that each A G Mn(C) can be written as
A = QJQ^1 for some invertible Q 6 Mn(C). where J has a certain standard
form, called a Jordan canonical form of A (see [7, 9, 10]).
Two matrices A,B G Mn(F) are said to be similar if there exists an invertible Q € Mn(jF) such that A = QBQ"1. Similar matrices have the same
characteristic polynomial, since

Thus similar matrices have the same eigenvalues together with their respective
multiplicities.
If B e Mn(f) consists of blocks BI, ..., B^ of square matrices of order less
than n distributed down the main diagonal, with all other elements being zero,
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we say that B is in block diagonal form and write B = d i a g ( B i , . . . . B^). It all
Bj are 1 x 1 matrices, then B is in diagonal form.
Jordan canonical form theorem: Each A 6 Mn(C) is similar to a
matrix J, a Jordan canonical form of A, which is in block diagonal form

where each J, is an r, x rl matrix of the form

if r, = 1 and

if r; > 1. with all elements on the. main diagonal being A,;, all elements on the
first KUperdiagona! being 1. and all other elements be/ing 0.
Since PA(^) — PjW — det(AIri - J) it follows that the A, in each Jl are
eigenvalues of A and of J. These eigenvalues A, and the integers q. r,; are
uniquely determined by A, so that J is unique up to a permutation of the
blocks J i . . . . . J,j. Note that r\ + • • • + rq = n and that it is possible for the
same eigenvalue A to occur in several of the blocks J,.
From the form of J it is not difficult to see that the dimension of the
eigenspace £ (J. A) of J for the eigenvalue A is just the number of blocks J t
containing A along the diagonal. Since Ji3 = A,# if and only if A(Q/3) =
A(Q/T), it follows that Q : £(J,A) —•> £(A, A) is an isomorphism, and we have
dim(£(A. A)) — dim(£(J, A)) as the number of blocks J, containing A.
The algebraic multiplicity m -• dirn(J r (J, A)) of an eigenvalue A of J is the
sum of the r,- for the blocks J, which contain A, = A. Since PA(^) = Pl(^) this
is also the multiplicity m = dim(jF(A, A)) of the eigenvalue A of A. Moreover,
since
it follows that Q : ,F(J, A) —» J-"(A, A) is an isomorphism.
If A = QJQ"1, then the definition of eA* gives

since

Thus the computation of e may be reduced to the computation of e , and
since
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it follows that

The r, x r,- block J; has the form

and we see that

Such a matrix is said to be nilpotent with index n. Since t\ilri commutes with
tN,- we have
But

We summarize as follows.
Theorem 3.10: Let A G Mn(C) be such that A = QJQ~\ where J diag(Ji..... J 9 ) is a Jordan canonical form of A. with Jj being r i X r i , Jj = (\i)
ifri = 1,

ifr% > 1. Then
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and

As an illustration, let

where

In this case e

= diag(e34, e j2 *, e^ 2 *), and, since

we have

Suppose the columns of Q are Q i , . . . , Q,,,, so that Q = ( Q i . . . . . Q n ). If
the first block of J is

then AQ = QJ implies that

and hence

We have similar relations valid for the remaining columns of Q.
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The substitution X —- QY in X' = A.X transforms this equation into
Y' = Q~ x AQy = jy. A basis for this equation is Y(i) = e jt , and then a
basis for X' = AX is X(i) = Qe jt . Another basis is X A (t) = eAt = Qe^Q"1.
The explicit structure of e shows that the columns Xi,... ,Xn of X are of
the form Xj(t) = e A *P(t), where A is an eigenvalue of A and P is a vector
polynomial. If Ji is as above, then the first r\ columns of X are

3.6

The behavior of solutions for large t

To discuss the behavior of the vector valued function X ( t ) , it is convenient
to introduce a norm. Recall that a normed vector space is a vector space V
over a field T (which is either C or TV) with a norm \\ \\ which is a function
X e V -> || A" || e U such that, for all X, Y e V:

A set of vectors 5 in a normed vector space is said to be bounded if there
is a positive number K such that

We say that a function X ( t ) , defined on a half line (a, oc), has limit Y as t —» oo
if for every e > 0 there is a T > 0 such that t > T implies \\X(t) - Y\\ < e.
A variety of norms are available on J^. We will adopt the specific norm

as the standard one for Tn. This norm may also be used for m x n matrices:
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The representation X(i) = QeJ/ of a basis for X' = AX not only gives an
explicit representation for solutions but also shows how solutions behave for
large \t\. This is demonstrated by the following result.
Theorem 3.11: Let A i , . . . . A f c be the, distinct eigenvalues of A., with algebraic multiplicities rn\,... ,m^, respectively. Then
(i) all solutions of X' = AX are bounded on [0, oo) if and only iff

and for those A ; such that Re(A ? ) — 0 we have rrij = dim(£(A, Aj));
(ii) all solutions of X' = AX have limit zero as t —> oo if and, only iff

Proof: The matrix A has a Jordan canonical form J = diag(Ji,.. . , J ? ). If
the conditions in (i) are met, then any block J, with eigenvalue A ( and such
that Re(A,;) = 0 will be a 1 x 1 block. The columns X{(t}:..., Xn(t] of the
basis X(t) = Qejt then have the form
(a) Xi(t) — e A '*F(i) if Re(A 2 ) < 0. where P is a nontrivial polynomial, or
have the form
Thus in case

and in case (b)
In both cases the solutions Xi are bounded on [0, oo). There is thus a constant
M > 0 such that

This implies that any solution X ( t ] of X' = AX is bounded, for X ( t ) = X(i)C,
and |X(i)| < M\C on [0, oo). Conversely, if there is a \j such that Re(A
? ) > 0,
then the solution X given by

where a € E(A. Aj), a / 0, is such that

Also if there is a A ; for which Re(Aj) = 0 and dim(£(A, Xj)) < m.j. then there
is a Jordan block J, involving A.; which is r} x r j: TJ > 1. There is then a
solution of the form
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where a, ,3 € C n , /? / 0. For t > 0,

Thus (i) is proved.
As to (ii), if Re(Aj) < 0 for j = 1 , . . . , k, then the argument used in case
(a) of (i) shows that all solutions Xi are such that |-Xj(£)| —> 0, t —> oo, and
hence |X(i)| —> 0 as t —> oo, which implies that every solution X = XC
satisfies |^(i)| —> 0 as t —> oo. If there is a Xj such that Re(Aj) > 0, there is a
corresponding solution Xj such that

where a G £(A, Aj), a ^ 0. Then if Re(Aj) > 0,

and |^j(t)j = a\ / 0, if Re(Aj) = 0. In either case |Xj(i)| does not have limit
zero as t -^ oo.

3.7

Higher-order equations

An nth-order linear homogeneous equation with constant coefficients

has its associated first-order system

where

which is a system with a constant coefficient matrix A.
Theorem 3.12: The characteristic polynomial p& of the matrix A given
by (3.19) is
Proof: The characteristic polynomial is
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with elements not in the last row. the main diagonal, or the first superdiagonal
being zero. Suppose A 7^ 0. The determinant remains unchanged if we multiply
any row by a constant and add this to another row. Multiply the first row by
—A~ : ao and add to the last row, obtaining

for the new last row. Then multiply the second row by —A !(ai + A Jao) —
—A - 1 ai — A~ 2 ao and add to the last row. This gives

as the new last row. Continuing in this way, after n — 1 steps, we obtain a new
last row of
where
Thus

This gives the result if A ^ 0. and since the determinant of AI n - A is a
continuous function of its elements, and these elements are continuous in A.
PA is continuous in A. Thus pj±(\) —> PA(O) = dQ as X ^ 0, and the result, is
valid for all A 6 C.
Theorem 3.12 shows that we can read off the characteristic polynomial
PA from (Hn) by replacing x^k' everywhere by A fc . A Jordan canonical form
J = d i a g ( J i , . . . , J g ) for A has a particularly simple form: for any eigenvalue
A of A there is only one block J.; which contains A (see exercise 44). Instead
of analyzing A further we study (Hn} directly.
For x € Cn(KX), define the operator L by

This constant coefficient differential operator L is linear:

for all a, (3 € C and all x,y G C n (7£,C). Corresponding to L we let
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so that p = PA is the characteristic polynomial of A. The polynomial p is also
called the characteristic polynomial of L, or of the equation Lx = 0.
To find a concrete basis for Sn, the set of all x € Cn(7Z, C) satisfying Lx = 0,
begin with the equation
which is valid for all A e C, t G Tl. If p(\i) = 0, then x\(t] = eXlt gives a
solution of (Hn). If AI is a root of p of multiplicity mi, then

This is easily seen by observing that

where q is a polynomial of degree n — m\ with the coefficient of A n ~ TOl being
one, and q(\i) / 0. Using the formula

for the /th derivative of f g , differentiation of (3.21) / times with respect to A
produces

Thus

and we see, by putting I = 0,1,..., mi — f, that t e ll is a solution
Repeating this for each root of p gives a set of n solutions of (Hn).
Theorem 3.13: Let X \ , . . . , Aj. be the distinct roots of p, where

and suppose \j has multiplicity rrij. Then the n functions Xij given by

form a basis for the set of solutions Sn of (Hn) on Ti.
Before completing the proof of Theorem 3.13, let us look at several examples. Consider the equation
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It has the characteristic polynomial

Thus a basis for the solutions of (3.23) is given by

and every solution .r has the form

where c.j € C.
As a second example, consider

with the characteristic polynomial

The roots of p are 2, — 2 . 2 ? . —2i. and hence a basis for (3.24) is given by

Every solution has the form

A real basis is given by

and every real solution y has the form

Proof of Theorem 3.13: Since the T.JJ 6 Sn, all that remains is to show the
linear independence of these solutions. Suppose that

Then
where p-j is a polynomial of degree at most my — 1.

80

Linear Ordinary Differential Equations

Suppose that some polynomial Pj(t) is not identically zero. In particular if
deg(pj) = d then Q,J / 0. Employing the notation

we observe that

with the degree of p'j lower than that of pj as long as deg(pj) > 0, and p'} = 0 if
deg(pj) = 0. By choosing any j / J and repeatedly performing the operations
D — \j, each summand with a factor e A / t can be removed. After annihilating
all terms with j' ^ J the remaining expression has the form

where deg(Q) < deg(pj), or Q = 0 if deg(pj) — 0. This implies that c^j = 0,
a contradiction.

3.8

Exercises

1. Compute e

, where A is given by

2. Compute eA*, when

(Hint: Find the basis XA of X' = AX satisfying X A (0) = I2.)
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3. Find the solution X of the system

satisfying

(Hint: See exercise 2(a).)
4. Find that solution X of the system

satisfying

(Hint: See exereise 2(b).)
5. If X is any basis for the system (3.1) on 7£. show that X, restricted to
/, is a basis for (3.1) on the interval / C 'R,. In particular, X^(t) = e At gives
a basis for (3.1) on any interval I C H.
6. Compute e, At for the following A:

(Hint: A = aI2 + bJ.)

7. Let A € Mn(C), with A = (a,j). If AT = (a^) is the transpose of A,
A = (a,ij) is the complex conjugate of A, and A* = A = (o^) is the adjoint
of A, show that
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(d) If AT = -A (A is skew symmetric), show that (exp(A)) T = exp(—A) =
(exp(A))-1.
(e) If A* = -A (A is skew hermitian ), show that (exp(A))* = exp(—A) =
(exp(A))- 1 .
(f) If tr(A) = 0 show that det(e A ) = 1.
8. Suppose A € Mn(C) and A* = —A. Show that every solution X of
X' — AX satisfies
(Hint: X(t) = eAi£, where £ = X(Q) and \\X(t)\\22 = X*(t}X(t).}
9. Although AB = BA implies e A+B = e A e B for A,B € Mn(F], it is
not true that eA+B = eAeB implies AB = BA. Give an example of matrices
A,B such that eA+B = e A e B , but AB ^ BA.
10. Compute the solution X of the system

satisfying

(Hint: See exercise 6(a).)
11. Find that solution X of

satisfying X ( l ) = E\. (Hint: See exercise 6(b).)
12. Let

(a) Compute the characteristic polynomial p^ of A.
(b) Compute the eigenvalues AI, A2 of A.
(c) Compute eigenvectors a\. a? for AI, Aj, respectively.
13. Find a basis X = (u, v) for the solutions of the system:

(Hint: Use exercise 12.)
14. Let

(a) Compute the characteristic polynomial p^ of A.
(b) Compute the eigenvalues AI , A2 of A.
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(c) Compute eigenvectors «i, a-2 for AI , A<2, respectively.
15. Find a basis X = (u, v) for the solutions of the system:

(Hint: Use exercise 14.)
16. (a) Find all solutions of the system

(b)If

compute e .
17. Find a basis X = (u, v) for the system

18. We have shown that two bases for the system

are given by

Thus X(£) = X^(i)C for some invertiblc constant matrix C. Find C.
f 9. Find a basis X = (u, v) for the system

20. Let AI, . . . , Afc be distinct eigenvalues for A € Mn(C), with eigenvectors
QI , . . . , Qfc, respectively. Show that a i , . . . , o ^ is a linearly independent set as
follows. Suppose that
Then
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Next apply A - Afc_i, etc.
21. Find a basis for the solutions of the system X' = AX if A is given by

22. If

compute e . (Hint: See exercise 21(b).)
23. Find a basis for the solutions of X' = AX if A is given by

24. Consider the general homogeneous system of two equations:

where a, b, c. d £ C. The discriminant of

is 8 = (a - d)2 + 4k.
(a) Show that if 8 ^ 0 then A has distinct eigenvalues AI, A2- Compute
these and find a basis X for (3.25).
(b) Suppose 6 — 0. Show that A has one eigenvalue A with multiplicity
2. If 8 = 0 and b = c = 0, show that there are two linearly independent
eigenvectors for A. Find a basis for (3.25) in this case. If 6 = 0 and b ^ 0 or
c ^ 0, show that there is only one linearly independent eigenvector for A. Find
a basis for (3.25) in this case.
25. For A € Mn(C) consider the nonhomogeneous system

(a) Let B(t) — e^fj, where fi € C is not an eigenvalue of A, and (3 <E Cn.
Show that (NH) has a solution Y of the form
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(Hint: Show that 7 = -(A - /iI n ) -1 /3 works.)
(b) Let B(t) = fo +fat-\ h/3rf, ftr ^ 0, where the fy 6 C\ and suppose
0 is not an eigenvalue of A. Show that (NH) has a solution Y of the form

as follows. Note that B^r+^(t) = 0 for all t 6 K. Show that

works, and jr = -A.~l!3r.
(c) Let B(t) = e^P(t], where

and IL is not an eigenvalue of A. Show that (NH) has a solution Y of the form
Y(t) = e^Q(t), where

(Hint: Let X(i) = eIJltZ(t) in ( N H ) , and reduce to the case // = 0 considered
in(b).)
26. Use the results of exercise 25 to find particular solutions Y for each of
the following systems:
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27. Find a real basis for the solutions of X' = AX if A is given by

28. Find a real basis for the solutions of X' = AX, where

29. Find all real solutions of the following systems:

30. Let p be a polynomial with real coefficients

Show that if A is a complex root of p which is not real and A has multiplicity
m, then A is a root of p with multiplicity m.
31. Use the fundamental theorem of algebra to show that if p(z) is a
polynomial with degree n> I , then

where m\ + • —\- nik = n. If the roots TJ are distinct in the above factorization,
show that each polynomial p(z) has a unique set of roots TJ and multiplicities
m,j.
32. Let A G Mn(7l) and let A be a nonreal complex eigenvalue of A with
multiplicity m. There are m linearly independent solutions Xi,...,Xm of
X' = AX of the form

where Pl is a polynomial, deg(P^) < m — 1. Show that if C/j = Re(Xj),
Vi = lm(Xi}, then
is a linearly independent set.
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33. Find a Jordan canonical form J for A if A is given by

34. (a) For each A in exercise 33, find an invertible Q E M2(C) such that
AQ = QJ (i.e., A = QJQ 1).
(b) Compute e and e for each A in exercise 33.
35. Let

Show that there is an invertible P such that A2 = PAiP l, and compute such
a P. Thus exp(A 2 i) = P exp(A 1 t)P^ 1 . (Hint: see exercises 33 and 34.)
36. (a) Find a Jordan canonical form J for A if A is given by

(b) Compute e and e for each A in (a).
37. Let

(a) Show that p&(\) = A2 + aiA + ao(b) If A is an eigenvalue for A. show that dim(£(A. A)) = 1.
(c) Let AI, A-2 be the eigenvalues of A. Compute a Jordan canonical form
for A in the two cases

38. Let

(a) Compute p^,
(b) If A is an eigenvalue for A, show that dim(£(A, A)) = 1.
(c) Let AI, A 2 , AS be the eigenvalues of A. Compute a Jordan canonical
form for A in the three cases
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39. Let A e Mn(C) and let A i , . . . , A n be the n eigenvalues of A, not
necessarily distinct. Show that

(Hint: A = QJQ , p^ = pj. Show that the coefficient of A" in p^ is
an-L = -tr(A).)
40. For A € Mn(C) consider the nonhomogeneous system

(a) Suppose B is a polynomial of degree r,

If 0 is an eigenvalue of A of multiplicity m, show that (NH) has a solution X
which is a polynomial, deg(X) < r + m,

as follows. A Jordan canonical form J for A can be written as J = diag(Jo, Ji)
where JQ is m x m and contains all blocks with the eigenvalue 0 along the
diagonal. Thus

and Ji is an invertible (n — m) x (n — m) matrix . Let A = QJQ x and put
X ( t ) = QY(t) in (NH). Then Y satisfies

and C is a polynomial of degree r. Let

where C7, P are the first m components of Y, C, respectively. Then (3.26) splits
into two systems
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Show that (i) has a polynomial solution [7, deg(U) < r + m. Use exercise 25(b)
to show (ii) has a polynomial solution V, deg(V) < r. Thus (3.26), and hence
( N H ) , has a polynomial solution of degree < r + m.
(b) Let B(t) — e'^P(i), where /;, is an eigenvalue of A of multiplicity m
and P is a polynomial, deg(P) = r. Show that (NH) has a solution .X of the
form X ( t ) — c^Q(t), where Q is a polynomial, deg(Q) < r + 777,. (Hint: Let
X(t) = eIJiZ(t) in (NH), and reduce to the case /u = 0 considered in (a).)
41. Find a basis X = (u,t-') for the solutions of the following equations:

42. Find all solutions of the following equations:
(a)

z"'-8z = 0,

(b) z'" - 3z'- 2z = 0,

(c) z (4) + 16z = 0.

43. Let X = ( z i , . . . ,xn) be any basis for the solutions 5n of (Hn) on 72..
Show that X, when restricted to /, is a basis for the solutions of (Hn) on the
interval / C Ti.
44. Consider the matrix A <E Mn(C) given by (3.19).
(a) If A is an eigenvalue of A, show that dim(£(A,A)) = 1. Try showing
that every eigenvector a of A is a nonzero constant multiple of

(b) If AI, .. . , Xk are the distinct eigenvalues of A, with m\
m^. their
respective multiplicities, show that a Jordan canonical form for A is

where Jj is an m, x ml block

45. Consider the equation (Hn) on 13, with the characteristic polynomial p.
(a) Show that all solutions of (Hn) are bounded on [0, oo) if and only if
(i) Re(A) < 0 for each root A of p of multiplicity 1,
(ii) Re(A) < 0 for each root A of p of multiplicity greater than 1.
(b) Show that all solutions of (Hn) have limit zero as t -+ +oc if and only
if Re(A) < 0 for each root of p.
46. Find a real basis for the solutions of
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47. Determine all real solutions of

48. Find that solution x of

satisfying x(0) = E3, (x(0) = 0,z'(0) = 0,z"(0) = 1).
49. Suppose that L is the constant coefficient operator given by

In addition to the variation of parameters method, there is an alternate approach to solving the nonhomogeneous equation Lx — b(t), the method of
undetermined coefficients, in case b(t) satisfies a constant coefficient homogeneous differential equation

(a) Show that any solution x(t) of Lx = bis also a solution of the homogeneous equation MLx = 0.
(b) Use Theorem 3.13 to describe the structure of solutions to Lx = b.
(c) Consider the problem of finding x satisfying

Now b(t) = 2et satisfies Mb = 0, where

Show that
(d) Find the characteristic polynomial of ML.
(e) By inserting the function

into the equation
show that the general solution is given by

50. Use the method of undetermined coefficients (exercise 49) to find all
solutions of the following equations:
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51. Suppose that L and M are the constant coefficient operators given by

with characteristic polynomials

and

respectively. Let b(t) satisfy Mb — 0.
Suppose further that all roots of both p and q have multiplicity one and p
and q have no roots in common. Show that there is a unique solution y(t) of
Ly = b such that My = 0. Find a formula for y, given that

where the \LJ are the distinct roots of q.
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Chapter 4

Periodic Coefficients
4.1

Introduction

Human fascination with periodic phenomena governed by differential equations, such as the periodic waxing and waning of the moon, extends back into
prehistory. In this chapter we consider linear systems of differential equations
whose coefficients are periodic functions. This class of equations is much larger
than the systems with constant coefficients, and in general explicit descriptions
of the solutions will not be obtained. Nonetheless, the periodicity does impose
some structure on solutions, a structure which can be described using a bit of
linear algebra.
Before launching into the theoretical development, we describe two models
which use linear systems with periodic coefficients. The first model is a modification of the toxic discharge problem in Chapter 1 that is pictured in Figure
t.l and led to equations (1.1) and (1.2). That case considered the build up of
toxic material in a system of lakes after a discharge of toxic material upstream.
In the modified model some of the water flowing in the channel between
Lakes 1 and 2 is removed from the system for crop irrigation. The rate at which
water is removed is not constant. Each morning at the same time a valve is
opened, and water is drained from the channel. The valve is closed later, again
at the same time each day. Thus the rate at which water is removed from the
channel is described by a function w ( t ) which is periodic in time. If time is
measured in days, then w(t + 1) = w(t).
When the derivation of the equations describing the lake contamination is
reexarnined, we observe first that the behavior in Lake 1 is unchanged:

However, the rate i~i at which water enters Lake 2 is no longer constant but
may now be represented by /] — w ( t ) , where l\ is the constant rate at which
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water flows from Lake 1 into the channel. The second equation thus becomes

In the matrix formulation the nonhomogeneous system of equations has assumed the form
where A(t) is no longer constant but is periodic with period 1,

Since the variation of parameters formula reduces the problem of solving a
nonhomogeneous system to that of solving the associated homogeneous system,
the fundamental problem is the analysis of

A simple but essential observation initiates the study of such systems: shifting
the solutions of the homogeneous system by a period is a linear transformation
on a finite-dimensional vector space. Linear algebra thus offers a key with
which to open our investigation.
Periodicity can also enter linear systems through the coefficient B(t). A
mechanical example, the mass and spring system considered in section 1.3,
leads to the equation
R.ecall that in this model the coefficients m, c, and k are constant functions,
which are thus periodic with every period. When the external forcing function
f(t) is periodic,
the whole equation is periodic with period u>. A natural question in this setting
is whether the equation has solutions with period ui. This problem is taken up
after consideration of the homogeneous system with periodic coefficients.

4.2

Floquet's theorem

Consider the system
where A e C(K, Mn(C)): and A is periodic with period u> > 0.

A basic observation about such a system is that if X(t) satisfies (4.1), then so
does Y(t) = X(t + w), since
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Thus if X is a basis for the solutions of (4.1) then so is Y, where Y(t) =
X(t + u>). This fact leads to a fundamental representation result for a basis X.
Theorem 4.1 (Floquet): Each basis X for the solutions of (4.1) can be
represented as
where P € Cl(H,Mn(C)}, P(t) is invertible, P(t + uj) = P(i) /or aH t 6 ft,
and Re Afn(C).
Proof: Since Y(t) = X(i + a;) gives a basis for the solutions of (4.1),
X(t + w) = X(t)C for some invertible C 6 M n (C). Theorem 4.2 below shows
that for every invertible C there exists a matrix R e Mn(C) such that e — C;
that is, RCJ is a logarithm of C. It follows that

If P(t) = X(i)e- R< we see that for all t <E ft,

Since both X(t) and e"R* arc invertible, so is P(t), and P € Cl(R.,Mn(C}}.
Since a basis X of solutions for (4.1) satisfies X' = AX, substitution of
X(t) = P(t)eRt leads to

or P' + PR = AP. Putting X = PY in (4.1) then gives

so that
Thus the substitution X = PY transforms the system (4.1) with a periodic
coefficient matrix A to the constant coefficient system (4.4). In fact the map
Y —> X = PY is an isomorphism between the set of solutions of (4.4) and the
set $ of solutions of (4.1).

4.3

The logarithm of an invertible matrix

A matrix B e Mn(C] such that e = C is said to be a logarithm of C.
Theorem 4.1 made use of the fact that every invertible matrix C € Mn(C)
has a logarithm, which is the next result. The proof makes use of some power
series techniques which are discussed more fully in Chapter 5.
Theorem 4.2: //C € Mn(C] is inve,rtible, there exists a B e Mn(C) such
that t:B = C.
Proof: Let J — Q^CQ be a Jordan canonical form for C. If there is a
K such that e = J. then it will follow from the power series definition of the
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matrix exponential (section 3.1) that C = QJQ 1 = e B , where B = QKQ l.
A further reduction is possible because the matrix J has block diagonal form,
J = diag(Ji,..., Jg). If KJ satisfies eKJ = Jj and if K — diag(Ki,... ,K9),
then
Since C is invertible, none of its eigenvalues /j,j is 0. Therefore it suffices
to find a K such that eK = J when J is the 1 x 1 matrix
(i)

or when J is the r x r matrix

In case (i) choose K to be any value of log(//). For example, if p, = \p\ete,
—TT < 9 < TT, then we choose log(^) = log(|//|) + i9, the principle value of
log(^).
In case (ii), write
and note that (N//j,)r = 0. We will find a matrix /(N/yu) such that

and then the matrix
will be such that eK = J. The determination of /(N//^) is based on the power
series

which is absolutely convergent for z < 1, z G C. Since

the rearrangement of the terms on the right obtained by collecting ascending
powers of z must agree with 1 + 2; that is, the coefficients of the first two
powers of z sum to 1, while the remainder sum to zero.
Since (N//u) r = 0, the sum
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is a finite sum, hence is convergent. Now compute e1^ as in (4.6), with the
same rearrangement of terms. Since the coefficients after rearrangement agree
with those in (4.6), (4.5) is obtained.
Equation (4.3) shows that

so R can be computed once we know X at 0 and u. Also the periodicity of
P means it is uniquely determined by its value on [0,(j]. Thus a basis X is
determined on all of Ti by (4.2) once it is known on [0,u;].

4.4

Multipliers

The matrices C and R depend on the basis X. If Xi is another basis for <S,
the set of solutions of (4.1), then Xi = XT for some iiivertible T e Mn(C),
and if
then
so that Ci is similar to C. Thus the eigenvalues of C, together with their multiplicities, depend only on A(£) and are independent of the basis chosen. The
eigenvalues /u., of C are called the multipliers of (4.1). The name is suggested
by the following property of the multipliers.
Theorem 4.3: The system (4.1) has a nontrivial solution X satisfying

if and only if /j. is a multiplier for (4.1). In particular, (4.1) has a nontrivial
solution of period uj if and only if p, = 1 is a multiplier for (4.1).
Proof: If X is a basis for (4.1), then the nontrivial solution X = X£. £ ^ 0,
satisfies (4.7) if and only if

or C£ = ^.
Now let X be the basis for (4.1) satisfying X(0) = !„. Then C = e1^ =
X(u;), and the multipliers for (4.1) are the eigenvalues of X(o;). Let S(fi) be
the set of all X e S satisfying (4.7). The structure of S(p] is given in the
following result.
Theorem 4.4: For each \i € C,
(i) S(n) is a vector subspace of S,
(ii) dim«S(/i) = dim£(X(u;),/u) = dimN(p,ln - X(w)).
Proof: If X, Y e S((j.) arid Q, (3tC, then aX + !3Y € S and
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so that aX + j3Y e S(fj,). proving (i). As to (ii), we note that the proof of
Theorem 4.3 shows that the map

takes the eigenspace of X(w) for fj, onto S(^). It is clearly linear, for a,/3 e C
and£,77e£(X(w),//),

and it is one to one since X is invertible; that is, S(£) = S(r)), or X£ = X?7, if
and only if £ = r\. Thus 5 is an isomorphism of £(X(u>), p,) onto <S(/x), and (ii)
follows, since two finite-dimensional vector spaces are isomorphic if and only
if they have the same dimension.
If / / i , . . . , //n is an enumeration of all the multipliers, where each multiplier
is repeated as many times as its multiplicity, then (see Chapter 3, exercise
39(a))
Since the Wronskian Wx = det(X) satisfies (Theorem 2.6)

it follows that
In particular, none of the p,j is zero, and if n — 1 of them are known, the
remaining one can be obtained from (4.8).

4.5

The behavior of solutions for large t

We continue using the basis X for (4.1) such that X(0) = In. The eigenvalues
of a matrix R such that X(w) = e are called the characteristic exponents
for (4.1). Let J be a Jordan canonical form for R, so that J = Q ml RQ for
some invertible Q and
J = diag(J],..., Jq).
with the 3{ being r, x TJ, J^ = (A;) if r^ = 1, and
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Then X(u) = e1^ = exp(QJQ^ 1 u) = Qexp(Jcj)Q- 1 , and since

the eigenvalues of X(u;), that is the multipliers for (4.1), are the same as the
eigenvalues of exp(Jw), which arc given by exp(AjO'). Thus

for some enumeration of the /j,j arid Ar If RI is another matrix such that
exp(R]u;) = X(o>). with eigenvalues Vj, then

and it follows that
for some integer k. Thus the characteristic exponents are not uniquely determined by (4.1), but their real parts are since

From the representation (4.2) for X and a Jordan canonical form J =
Q RQ for R, we can obtain a basis Xi, where
-1

From the explicit structure of ej* as given in Theorem 3.10, we see that the
columns X\,.... Xn of X] have the form
X.,(t) = e A 'P(t),
where A is an eigenvalue of R and P is a vector polynomial with coefficients
which are periodic functions of period aj. For example, if PI = ( P i , . . . , Pn)
and the first block of J is the n x TI matrix

then
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From this representation of Xi(i) = Pi(i)e we have the following analogue of Theorem 3.11. The proof is entirely similar once we note that \p.j =
exp(Re(Aj)o;).
Theorem 4.5: Let / / ] , . . . , p ^ be the distinct multipliers for (4.1), with
multiplicities mi,..., m^, respectively. Then
(i) all solutions of (4.1) are bounded on [0, oo) if and only if \fij\ < I , j =
1 , . . . , k, and for those /j,j such that \/j,j\ = 1 we have, nij = dim(£(X(w),/Zj));
(ii) all solutions of (4.1) tend to zero as t —> oc if and only if /j,j < 1,
j = l,...,fc.

4.6

First-order nonhomogeneous systems

Consider a nonhomogeneous system

where A 6 C(K,Mn(C)), B € C(K,Cn), and A,B are periodic with period
w>0,
It is interesting to determine when (4.9) has periodic solutions of period u),
and what the structure of the set of all such solutions is. Let Sp be the set of
all solutions of X' = A(t)X which are periodic with period u. and let
P(B)S
denote the set of all solutions of (4.9) which have period aj.
Theorem 4.6: The set SP(B) is an affine space,

where V is a particular solution in SP(B).
Proof: If V e SP(B) and U G Sp, then X = V + U is a solution of (4.9) and
it clearly is periodic of period w, so that X 6 SP(B). Thus V + Sp C SP(B).
Conversely, if X, V 6 5P(B), then U = X - V satisfies X' = A(t)X and has
period cj. Hence U e 5P, and we have SP(B) C V + Sp.
As an example, consider the equation of period u = 2vr,

with n = 1, A(t) = — cos(t), B(t) = cos(i). The solution x satisfying x(0) = £
is given by
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and this is periodic of period 2vr for every £ € C. In this case x = v + u. where

On the other hand, consider

with A.(t) — — cos(i), B(t) = 1. having period 27T. Here the solution x such
that x(0) = £ is given by

and

Therefore this equation has no solution of period 2yr for any £ e C.
Thus a central problem is to determine when SP(B) is nonempty. Just as
in the homogeneous case, if X is a solution of (4.9) then so is Y(t] = X(t + u),
for

Thus a solution X of (4.9) has period u if and only if X ( t ) = Y(t) = X(t + u]
for all t G 7?., and this is true if and only if -X"(0) = X(u). If X is the basis for
the solutions of X' = A.(t)X such that X(0) = In, the variation of parameters
formula gives the solution X of (4.9) satisfying X(0) = £ as

Thus Jf(0) = Jf(a>), that is, X <E <SP(B), if and only if

If In — X(u>) is invertible, then clearly

is the unique £ = -^(0) which yields a periodic solution X of (4.9) of period
ui. Now In — X(w) is invertible if and only if n = 1 is not a multiplier for
X' = A(t)X, that is. the homogeneous system has no riontrivial solution of
period u. We have shown the following result.
Theorem 4.7: There exists an X € SP(B) if and only if there is a £ € Cn
satisfying (4.10). //dim(<S p ) = 0 there exists a unique X G SP(B) for every
B 6 C(R,Cn) of period u.
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The analysis of the case when dim(«Sp) > 0 depends on a result for linear
equations
Note that (4.10) has this form, where

This result relates the solvability of T£ = r\ to the solutions £ of the adjoint homogeneous equation T*£ = 0. Recall that the adjoint T* of T is the conjugate
transpose of T = (tij), so that T* = (tjt).
The inner product (£, r?) of f, r, 6 Cn is given by (f, 77) = 77* £. If S C Cn, its
orthogonal complement S is the set

The set S1 is a vector subspace of C n , and if S is a subspace of C™, then

a direct sum, so that every £ € Cn can be written uniquely as (, = £ + 77, where
£ G 5, 77 e S"1-. Moreover, we have (Sr~L)~L = 5. A consequence of (4.11) is that
if S is a subspace of Cn, then

Theorem 4.8: //T <E M n (C), tfien

Proof: For every £. ^ € Cn we have

From this it follows that ( e (^an(T))-1, that is, (Tf, C) = 0 for all ^ e Cn
if and only if (£,T*C) = 0 for all ^ € Cn or T*C = 0, that is, C e JV(T*).
Thus (^an(T)) 1 = JV(T*), and hence J Ran(T) = ((^on(T)) ± ) 1 = (^(T*))-1,
which is (i).
From (i) and (4.12), with 5 = JV(T*), we have

But we know that
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and therefore (ii) is valid.
Applying Theorem 4.8 (i) to T = !„ - X(u>) in (4.10), we see that there is
an X e SP(B) if and only if
i

for every £ £ Cn such that

This condition can be interpreted in terms of the solutions 5* of the adjoint
homogeneous differential equation

The basis Y for S* such that Y(0) = ln is just Y = (X*)" 1 , where X is the
basis for the solutions S of X' = A(t)X satisfying X(0) = I,,. This follows
since (see Chapter 2. exercise 13)

Let S* denote the set of all Y G S* which have period uj. The equality

shows that ( 6 Cn satisfies (4.14) if and only if

and this is true if and only if Y = Y£ 6 S*
C*X(w) - (*. and then (4.13) becomes

Now X*(w)(," = (," implies

for every Y = Y( e S*. Moreover, the equality (4.16) and Theorem 4.8 applied
to !„. — X(cu') imply that

We have now proved the following theorem.
Theorem 4.9: Given B G C(Ti,Cn) which is periodic of period uj, there
exists an X € SP(B] if and only if
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for every Y e <S*. We have
dim(iS*) — dim(<Sp),
and hence there is a unique X G SP(B] if and only if dim(<Sp) = 0.
As an application of Theorem 4.9 we have the following interesting result.
Theorem 4.10: There exists an X € SP(B] if and only if a solution X of
(4.9) which is bounded on [0, oo) exists. Equivalently, either SP(B) is nonempty
or every solution of (4.9) is unbounded on [0, oo).
Proof: Clearly, if X € Sj,(B). then X is bounded on 7?,, and hence on
[0, oo). Conversely, suppose there is a solution X of (4.9) which is bounded by
M > 0,
The variation of parameters formula gives

where X is the basis for X' = A(t)X such that X(0) = I n - Thus

Since Y(t) = X(t + uj) is also a solution of (4.9), we have

or

A simple induction then shows that for each k = 1,2,...,

Suppose SP(B) = 0. Then there exists a C e Cn satisfying (4.14), C = X*(w)C
such that (4.13) is not valid, that is, (*r) ^ 0. This is equivalent to the existence
of a Y € S* such that

Now ( = X*(cj)( implies

and multiplying (4.18) by £* results in

From (4.17) it follows that

but this is clearly false since £*?? ^ 0. Hence SP(B) is not empty.
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Second-order homogeneous equations

Important applications of the results in sections 4.1-4.4 occur in the case of
second-order equations. For example, the Mathieu equation

where a.b 6 'R., arises in the study of wave motion associated with elliptic
membranes and elliptic cylinders. The more general Hill's equation

where a(t) is real valued arid a(t + u>} = a(t) for some u > 0, arises in the study
of the motion of the moon. In that case a(t] is an even function of period TT
and is often written as a series

Let us first interpret our results in the case of the equation

for some uj > 0. The system
associated with (4.19) has a coefficient matrix A given by

and X = (x\,x^) is a basis for (4.19) if and only if

is a basis for (4.20). Let X be the basis for (4.19) such that X(0) = I2. Then
the multipliers for (4.20) are the eigenvalues / i ] , M 2 of X(u;), that is, the \L
satisfying

Note that the Wronskian Wx = det(X) satisfies
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so that if the average of a\ over a period is zero,

then det(X(w)) = /ii/^2 = 1> and the equation for the [ij becomes

Let us assume (4.21), so that ^ = l//xi, and also assume that the a-/ are
real valued. Then X is real and a in (4.22) is real. If Im(//i) / 0, then ^2 — Mi
and |/i] | — \fi2\ = 1; Re(//i) = Re(//2) = a- Solving (4.22), we may choose

There are three cases: (i) a2 > 1, (ii) a 2 < 1, (iii) a 2 = 1.
In case (i). /ui and ^ are real and distinct and fi? = l/fj-i- There is a basis
U = (ui,U2) for the solutions of (4.19) having the form

If a > 0 we have 0 < ^ < 1 < Mi so tnat -Re(A) < 0 < Re(A). Now

and, since the PJ are not identically zero, there are TJ €E [0, uj\ such that PJ(TJ) ^
0. Then

for every integer m. Thus

and so u\ is unbounded as t —> +00, whereas u<i is unbounded as t —* — oo.
Also we have

If a < 0 we have 0 < /i] < 1 < /^ and the roles of tii, u^ are reversed. Thus
every nontrivial solution x = c\u\ + c^u^ of (4.19), where ci,C2 are not both
0, is unbounded on 7?-.
In case (ii), //i and //2 are distinct nonreal complex numbers of magnitude
one,
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There is now a basis U — (u^.u^) of the form (4.23) above, where we can take
A = iO. Since
all solutions x of (4.19) are bounded on 7?.. In fact U = (ui,U2) is bounded on
U.
For case (iii) there is one real multiplier ^ = a = ±1 of multiplicity 2. If
fji\ = I there exists a nontrivial solution u\ such that u\(t + u) = ui(t) for
all i 6 7£, so that u\ is periodic of period cu. A second basis element u<i may
or may not be periodic of period u. We have u? of period ui if and only if
U(t + LJ) = U(i), £ e ft, and this is true if and only if U(u;) = U(0), or

If //i = — 1 there is a nontrivial solution u\ satisfying u\(t + w) = — u\.(t] for
all t E Ti, and then uj(t 4- 2u/') = — u\(t + u) — ui(t), so that u\ has period
2u. A second basis element u? satisfies {12(t + w) = —U2(^). if and only if
U(w) = -U(0), or
In this case all solutions have period 2o;.

4.8

Second-order nonhomogeneous equations

Finally, consider the nonhomogeneous equation

for some uj > 0. The set S2p(b) of all solutions of (4.24) which have period u>
is an affine space

where v is a particular solution in ^2P(6) and S-2P is the set of all solutions
of the homogeneous equation (4.19) of period a/'. The system associated with
(4.24) is
where

A and B are clearly periodic with period cj, and a solution x of (4.24) has
period w if and only if Y = x is a solution of (4.25) of period a;. Theorem 4.7
then implies that if the homogeneous equation (4.19) has no solution of period
u> other than the trivial one, then (4.24) has a unique solution of period u for
every b 6 C(R,,C] which is periodic with period LU.
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In the general case, when (4.19) may have solutions of period w, Theorem
4.9 implies that (4.24) has a solution of period uj if and only if

for every solution Z of the adjoint homogeneous equation

which has period u. If

this says that
for every Z satisfying

which has period uj. For such a Z, y = z% has period uj, y' — a,\y is differentiable,
and
Conversely, if y = z% has period u and satisfies (4.27) and z\ = a\y — y', then
Z will be a solution of (4.26) of period u. The equation (4.27) is called the
adjoint equation to (4.19). Thus (4.24) has a solution of period u) if and only
if
for every solution y of the adjoint homogeneous equation (4.27) which has
period u>.

4.9

Notes

A classical discussion of Mathieu's and Hill's equations can be found in [27,
pp. 404-428]. Hill's equation is also the subject of a short and accessible book
[16]. A short historical commentary on Hill's work can be found in [12. pp.
730-732].
In the 1970s there was a series of remarkable works related to Hill's equation. The first surprise was a close relationship between Hill's equation and
a nonlinear partial differential equation. Subsequent research revealed an extremely rich and subtle theory for certain problems related to Hill's equation.
References to this recent work can be found in [16, pp. iii-ivl.
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4.10 Exercises
1. Consider the equation x' = a(£)x, where a 6 (7(72.. C) is periodic with
period a,1 > 0.
(a) Find the solution x satisfying x(0) = 1.
(b) Find the constant c such that

(c) What condition must a satisfy in order that there exist a riontrivial
solution (i) of period u>. (ii) of period 2uj ?
(d) In case a is real valued, what are the answers to (c)(i) and (c)(ii)?
(e) If a(t) — a. a constant, what must this constant be in order that a
nontrivial solution of period 2u; exist ?
2. Consider the nonhomogeneous equation

where a, b G (7(72., C) are periodic with period cj > 0.
(a) Show that a solution x of (4.28) is periodic of period uj if and only if
x(u) ^ x ( 0 ) .
(b) Show that there is a unique solution of period w if there is no nontrivial
solution of the homogeneous equation x' = a(t)x of period LO.
(c) Suppose there is a nontrivial periodic solution of the homogeneous equation of period uj. Show that (4.28) has periodic solutions of period LC? if and
only if

where

(d) Find all solutions of period 2?r for the equations

3. (a) If A e (7(72., Af n (C)), show that A is periodic of period u ^ 0, ui e 72-,

if and only if A is periodic with period — w,
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Thus there is no loss of generality in assuming that A has period uj > 0 in
equation (4.1).
(b) If A e C(ft, Mn(C)) is periodic of period u > 0, show that A is also
periodic with period ku for any k — 2, 3 , . . . .
4. Consider the equation

For what values of p, will there exist a nontrivial solution x satisfying x(0) =
x(27r)? Find all solutions for each such /^.
5. Consider the system X' = A.(t)X, where A has period 2vr and is given

by
(a) Verify that the basis X satisfying X(0) = I? is given by

(b) Compute X(2yr) and find a matrix R such that X(2yr) = e2?rR. Then
write X as X(t) = P(i)eR*, where P(t + 27r) = P(t), i e ft.
(c) Find all solutions X of X' = A(t)X such that

for some // e ft. In particular, find all solutions which are periodic with period
27T.

6. Compute a logarithm B for the following C E M<z(TV), that is, a matrix
B satisfying e = C.

7. Show that if there exists a nontrivial solution of

satisfying x(0) = x(l), then there exists a nontrivial real solution which is
periodic with period 1.
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8. The toxic waste problem from the introduction to this chapter leads to
a homogeneous system

where an and 1222 are constant and aii(t] is a nonconstant function with least
period 1. If X(i) is a basis for this system satisfying X(0) = I, find X(l).
9. Let X be the basis for (4.1) such that X(0) = I n , and let / ^ i , . . . . nn be
the multipliers for (4.1), where each is repeated as many times as its multiplicity.
(a) Show that

(b) If Re/^tr(A(s)) ds < 0, show that there is at least one fj.j such that
|uj|1.
(c) If Re/(5" tr(A(s)) ds > 0, show that there is at least one fj,j such that
\Hj\ > 1.
10. Let \i be a multiplier for (4.1), and let X be a nontrivial solution
satisfying X(t + u>) = iiX(t).
(a) Show that
for each k = I, 2,3,..
(b) If |^| < 1 show that \X(s)\ -> 0 as s ->• oo. (Hint: If s > 0 then s/u
lies between two consecutive integers, A; < s/ui < k +1, k — 0 , 1 , . . . , and hence
s = t + ku,Q<t<u. Use (a).)
(c) If \/j,\ > 1 show that X is unbounded on [0, oo).
(d) If |/x = 1 show that

where

11. (a) If X is the basis for (4.1) satisfying X(0) = ln, show that X(t +
ku) = X(t)X fc (^) : ^ = 1 , 2 , 3 , . . . .
(b) Show that |X(s)| -> 0, s -> oo, if and only if X f c (w)| -> 0, k -> oo.
(c) Show that |X(,s)| is bounded on [0, oo) if and only if |X fc (u;)| is bounded
for k = 1, 2 , 3 , . . . .
12. Suppose that £1,62 > 0 and f.\ + 62 < 1. Define an n x n matrixvalued function A(t) to be the constant matrix AI on intervals of the form
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(K — ei, K + 62), where K = 0, ±1, ± 2 , . . . , and another constant matrix A2
on intervals of the form (K + 62, K + 1 — ei). Notice that A(t -(-!) = A(i).
The differential equation

does not have a continuous coefficient matrix A(t), but we may consider as solutions those continuous functions X(t) which satisfy the equation on intervals
where A(£) is continuous.
(a) Using the existence and uniqueness theorem for linear systems, show
that the initial value problem

has a unique solution for any to € 7t and £ € f"1.
(b) If X(i) is the basis satisfying X(0) = I, describe X(l). (Hint: What is
X(* 2 )?)
(c) Describe the relevance of this problem to the toxic discharge problem
from the introduction to this chapter.
13. Consider the svstem

The coefficient function A(t) = A has period w for any u> > 0.
(a) Show that (4.29) has a nontrivial solution of period w > 0 if and only if
A has an eigenvalue A of the form A = 2mk/u, k = 0, ±1, ± 2 , . . . . (Hint: The
eigenvalues p, of E = e have the form p, — e^u, where A is an eigenvalue of
A.)
(b) If A = Inik/ui. k = 0, ±1, ± 2 , . . . , is an eigenvalue of A, show that
(4.29) has a nontrivial solution of period uj of the form

(c) Show that (4.29) has a nontrivial solution X satisfying

for some
if and only if A has an eigenvalue A of the form

(d) If A is given by (4.31) show that (4.29) has a nontrivial solution satisfying (4.30) of the form
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14. Suppose X is a nontrivial solution of (4.1) satisfying

for some /j.. € C. Show that

where P(t + uj) = P ( t ) , t £ R, and ex" = p..
15. Show that if (4.9) (with B not the zero function) has a solution X
satisfying
then yu = 1.
16. Consider the nonhomogeneous equation (4.9) when A(t) = A, a constant matrix.
(a) Show that X' = AX + B(t) has a unique solution of period u) if and
only if A has no eigenvalue of the form A = 2mk/u>, k = 0, ±1 ± 2 , . . . .
(b) Show that X' = AX + B(t] has a solution of period w if and only if

for every ( e Cn satisfying e A *^C = C17. Let Cp(R,,Cn) be the set of all continuous functions / : 'R, —> C" having
period u > 0, and define

(a) Show that ( , ) is an inner productp(R..C
on nC
).
(b) Let A e C(Ti.Mn(C)) have period uj. and put

for each X € C^(n,Cn), the set of all X € C^T^C"), having period uj, and
define
for Y 6 C^(-ft,Cr'). Thus L,L* are operators taking CjJ(fc,Cn) into C
Define the range Ran(L) and nullspace N(L) by
fian(L) = {B € C p (ft,C")|L(A") = B for some JC 6 C^(ft,C")},

and similarly for Ran(L*).N(L*). With these definitions show that Theorem
4.9 can be stated as
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This is a direct analogue of Theorem 4.8.
18. Prom Theorem 4.7 (or Theorem 4.9) we know that if dim(Srp) = 0 then
there is a unique X e SP(B) for every B 6 C(R,,Cn] of period u>. Show that
if there is an X e SP(B) for every B <E Cp(R,Cn), then dim(Sp) = 0. (In the
terminology of exercise 13, Ran(L) = Cp(Tl,Cn) if and only if dim(Sfp) = 0.)
19. Consider the homogeneous system

where A 6 C(7?., Mn(C)) has period u > 0, and let S(p.) denote the set of all
solutions X satisfying

Similarly, let S*(v) denote the set of all solutions Y of the adjoint equation

(a) Show that if n ^ 0 then
dim(5*(l/p)) = dim(5(ju)).
(Hint: Show that

where X is the basis of X' = A(t)X_ such that X(0) = ln and Y = (X*)-1.)
(b) Suppose A is real, A.(t) = A(t), t € 7J. Show that
dim(5*(l//i)) = dim(5*(l//Z)) = dim(5(/i)) = dim(5(/l))
for each n ^ 0.
20. Show the following extension of formula (4.18):

where X satisfies X' = A(t)X + 5(t) and C = X(w) - X ( 0 ) = X(w)A"(0) + T?.
(Putting t = 0 gives (4.18).)
21. Consider the nonhomogeneous equation

where A € C(ft, M n (C)) and B e C(72,,Cn) have period w > 0, together with
the boundary condition
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Let S(B,3) denote the set of all solutions X of (4.32) satisfying (4.33); thus
S(B,0) = P(B).S
(a) Show that S(B, ,3) is an affirie space,

where V is a particular solution of (4.32) satisfying (4.33).
(b) Show that there exists an X G S(B, 3) if and only if

for every Y € S*. (Hint: A solution X of (4.32) satisfies (4.33) if and only if
there exists a £ G Cn satisfying

where
and X is the basis for X' = A(t)X such that X(0) = I n .)
22. The following equations have coefficients with period 2ir.

For both of these
(a) find the basis X = ( u , v ) satisfying X(0) = I2. (Hint: For (ii), x(t) =
2 + cos(t) is a solution. Try a second solution of the form y — ux.)
(b) What are the multipliers?
(c) Determine a basis for the set of all solutions of period 2?r.
23. Consider the equation (4.19) with real-valued coefficients a i , a o with
the condition (4.21). In case (iii). when fi = — 1 is the multiplier, we showed
that if there is a basis U = (1*1,1*2) satisfying

then U is a basis satisfying

Show that if (4.19) has a basis U satisfying (4.35) (with ^ = — 1 being the
only multiplier), then U satisfies (4.34), as follows. If X is the basis satisfying
X(0) = 12, then a Jordan form J for X(u;) has one of the two forms
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and X(2w) = (X(w)) 2 = X(0) = I2.
24. Consider the general linear equation (4.19) with coefficients ao,ai having period w > 0 and where we assume that ai e Cl(R.,C), a® € C(1t,C).
Show that x satisfies (4.19) if and only if

satisfies Hill's equation

25. Consider Hill's equation

where a <E (7(72,, It), a(t + u>) = a(t) for some u > 0, and a(t) < 0 for t <E 71.
(a) If u is the solution of (4.36) satisfying it(0) = 1, tt'(O) = 1, show that it
is real.
(b) Show that u(i) > 0 for alH > 0 as follows. If not, let t\ be the smallest
t > 0 such that u(ti) - 0. Show that u'(ti) < 0. Then

which is a contradiction.
(c) Show that u(t) > 1 + t for t > 0, so that u(t) -^ +00 as t -+ +oc. (Hint:
u"(t) = -a(t}u(t] > 0 for t > 0.)
(d) Conclude that the multipliers ^i,/U2 for (4.36) are real and, if equal
(//i = /^2 = ±1), there is no basis of (4.36) consisting entirely of periodic
solutions.
26. Let u e C'2(I,K), I — [a,6], and suppose u(a) = u(b) = 0, u(t) > 0 for
t£(a,b). Show that

One approach is to let

The mean value theorem implies there are <r, T satisfying
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Then

If a — c — a. 0 = b — c, then (a + d}'2 > 4a/3 implies

27. Consider Hill's equation

where a e (7(7?,, 7£). a(t + u) = a(t). t £ 11 for some a> > 0. Suppose ^ is a real
multiplier for this equation, and u is a nontrivial solution satisfying

Show that we may assume that u is real.
28. Assume that in Hill's equation (4.37) the following hold: (i) a is not
the zero function,

(a) Show that any nontrivial real solution u satisfying

for some ^. € "R- is such that u(t) = 0 for some t e [0, tj]. (Hint: Suppose
n(0 > Ofor i € [0,u;]. Then

which contradicts (i) and (ii).)
(b) Show that all solutions of (4.37) are bounded on "R.. together with their
first derivatives.
To establish (b), show that (i)-(iii) imply that the multipliers n\,fJ-2 for
(4.37) are not real. If they are real, there is a nontrivial real solution u satisfying
(4.38) for some JJL £ 'R.. By (a) there are points a < 6 such that u(a) = u(b) = 0,
b — a < a>, and u(t) ^ 0, t e (a, fo). Then by exercise 26 and (iii),

which is a contradiction. Thus the multipliers /ii,/Z2 are distinct nonreal complex numbers (^2 = /Zj) of magnitude 1.
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Chapter 5

Analytic Coefficients
5.1 Introduction
Linear systems of ordinary differential equations with constant coefficients have
the great advantage of being explicitly solvable. (This sweeping assertion ignores the nontrivial problem of solving the polynomial equations for the eigenvalues.) To significantly extend the class of equations whose solutions can
be "exhibited." the class of functions in which solutions are found must also
be extended. A fruitful approach is to consider functions with power series
representations.
An example of a power series representation for a solution arose in the case
of constant coefficient systems

where A was a constant n x n matrix and £ 6 Tn. In that case a formal
argument led to the representation of the solution X ( t ) as

The argument was formal in the sense that we neither described precisely what
was meant by this sum of infinitely many terms nor considered when such a
series might be integrated or differentiated term by term.
The next two sections of this chapter present the basic material on convergence of sequences and series which is needed to justify the earlier formal
calculations. These ideas are then applied to the more general case of firstorder linear systems
where the components of the matrix-valued function A and the vector-valued
function B can be written as convergent power series in some open interval
about a point T. In this case it is not difficult to show that the solution X ( t ) ,
119
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with initial condition X ( T ) = £, may also be represented as a convergent power
series. Moreover, the power series coefficients of the solution may be explicitly
calculated from the power series coefficients of A and B.
Solutions of many of the important differential equations arising in applications can be expressed using power series and their generalizations. After
the results for general systems and nth order equations are established, one
of these examples, the Legendre equation, is considered. This equation arises
in the study of wave phenomenon or heat conduction for spherical bodies. As
with many other examples, the general theory only hints at the rich structure
possessed by particular equations.

5.2

Convergence

5.2.1

Norrned vector spaces

Let us begin the discussion of convergence of series by recalling how these
questions are treated in calculus. The problem is to make sense of the sum

in which infinitely many of the Ck may be nonzero. The behavior of this series
is understood by considering the sequence of partial sums sm, where the mth
partial sum is the sum of the first m terms,

In general if am e T, the sequence {am} converges to a limit L, or

if for every e > 0 there is an integer M such that m > M implies am — L\ < e.
The series

converges to (the sum) s if its sequence {sm} of partial sums converges to s,
i.e.,
For applications to differential equations it is important to consider series
whose terms Ck may be vectors in ^rn, matrices, or vector- or matrix-valued
functions. Consider for example the power series for the matrix exponential
function
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If t is fixed then the summands are the n x n matrices Aktk/k\. For some
purposes, however, it will be important to simultaneously consider all t in
some interval /. In this context the summands are the functions t —> Aktk/k\.
and the partial sums are the matrix polynomial functions

In order to define convergence of such series, we need a generalization of the
absolute value which can serve to indicate the size of a vector, a matrix, or a
function.
With this goal in mind, a norrned vector space is a vector space V over a
field T (which is either C or It) with a norm \\ ||, which is a function X £ V —>
||X|| e n such that, for all X, Y e V,

The property (c) implies that

Important norms on X = ( x i , . . . , xn) € J-n are given by

It is not difficult to see that

and

It turns out that any two norms || ||, || ||+ on a finite-dimensional vector space
V are equivalent in the sense that there exist two positive numbers m,M such
that

122

Linear Ordinary Differential Equations

For this reason, many of the results which involve a norm on V are independent
of which norm is used. We will adopt the first of the above norms as the
standard one for fnand denote it simply by j ,

A metric space is a set V with a distance function, or metric, which is a
function
such that for all X, Y, Z e V,

The inequality (d) is called the triangle inequality. From the properties of
a norm it is immediate that every normed vector space V is a metric space
with a metric d given by

In particular, TV1 and Cn are metric spaces with

If V is a metric space with a metric d, a sequence X^ € V, k £ {0,1,2,...}
converges if there is an X E V such that

In this case {Xk} has a limit X, which is also written

In case V is a normed vector space with d(X,Y)
{Xk} converges to X, or
if X € V and

= \\X - Y||, the sequence
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Some of the usual properties for limits hold in a normed vector space. If
Xk —> X, Yk —>• Y as k —> ex., anda6 F, then

A Cauchy sequence {Xk} is one such that

That is. {Xk} is a Cauchy sequence if for every e > 0 there is an integer M
such that k,l > M implies d ( X k , X i ) < (.. A metric space is complete if every
Cauchy sequence {Xk}, Xk €E V has a limit X G V. A Banach space is a
normed vector space V which is complete in the metric (5.4).
The field J-', where JF is C or 72, is a normed vector space over J- with the
norm of x e T given by the absolute value x . It is a basic result from analysis
(see [17; p. 50] or [22, pp. 46-47]) that this space is complete, so that fis a
Banach space.
Using the completeness of T it is not difficult to see that Tn is a Banach
space; that is, it is complete with the metric (5.5). Suppose Xk G J-71 with

If {Xk} is a Cauchy sequence, then

This implies that each of the component sequences satisfies

Thus each { x j t k } is a Cauchy sequence in f and so has a limit Xj. Consequently,
if X = ( x . { , . . . , x n ), then X^ —> X, and so J-n is complete.
Define a norm | on Mmn (f) by

Using the previous argument, Mmn(T'} is a Banach space with this norm. The
norm of a product of matrices satisfies

To see this, let A = (a y -), B = (b1k). If C = ( c i k ) = AB, then
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Notice that the norm (5.6) reduces to our earlier choice for the norm on
.P1 in the case of Mni(F] = fn', and the property (5.7) shows that

Having considered norms on Tn and Mmn(^r), let us return to the problem
of convergence of infinite series. Suppose that {Xf,} and S belong to the
normed vector space V. Then we say that

converges to S e V, or

if the sequence of partial sums

converges to S,
If the normed vector space V is complete with respect to its norm || ||,
that is, V is a Banach space, then convergence of a series in V can often be
established by showing the convergence of a related series of nonnegative real
numbers. Say that the series

converges absolutely if

converges.
Theorem 5.1: If {X^} is a sequence from a Banach space V and the series
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converges absolutely, then it converges.
Proof: Pick an e > 0 and let 6 = e/2. The assumption that

converges absolutely means

or there is an M such that m > M implies

Suppose that / > k > M. Then

Since k > M we also have a^ — a < 6, and so

Looking at the partial sums

we have

Then

and so / > k > M implies
or the sequence of partial sums {Sk} is a Cauchy sequence.
Since {Sk} is a Cauchy sequence in a Banach space V. it converges to some
limit S G V, and so the series
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converges.
For an example of an absolutely convergent series, consider the exponentia
function

In this series each snmmand is an n x n matrix.
The inequality (5.7) and a simple induction argument imply that for an;
square matrix B,
and so

The terms on the right are the summands for the series exp(jA||i|), whicl
converges for all values of |A| and |t|, and so the matrix exponential series i;
always convergent.
The idea of rearranging the terms in a series was used in (4.6) to shov
that every nonsingular n x n matrix has a logarithm. Suppose that p(k) is i
permutation of the nonnegative integers, that is, a one-to-one function fron
{0,1,2,...} onto {0.1,2,...}. A series

is then called a rearrangement of the series

Suppose the series YUeLo Xk converges absolutely, and let e > 0. Informally
if the series converges to 5, then there is an JV such that the sum of the firs'
N terms is within f of S and the sum of the norms of any finite collectioi
of the remaining terms is less than e. If this series is rearranged, we merelj
take M large enough so that the terms X Q , . . . ,^Ov-i appear as terms in t
sum £]fc=o ^p(fc)- Then if L > M the difference | X^=d -^p(fe) ~~ ^1 ig no mor<
than 2e, so the rearranged series converges to the same value as the origina
series. The reader is asked to make this argument precise, and thus prove th<
following theorem, in exercise 5.
Theorem 5.2: If {X^} is a sequence from a Banach space V and the serie.

converges absolutely, then any rearrangement converges to the. same sum.
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Normed vector spaces of functions

As noted above, the series defining the exponential function

converges for every value of t. The fact that the series provides a well-defined
function is not sufficient for applications to differential equations. We would
like to know that this function is differentiable and integrable and that the
derivative or integral can be computed by termwise differentiation or integration. This goal requires more refined information about the convergence of the
functions defined by the partial sums

to the limit function S(t). This section provides the groundwork for such an
analysis.
If / C 72. is an interval, the set (7(7, T) of all continuous functions is a vector
space over f", since / + g and af are in C(I.F] if /, g e (7(7, .F), a e f'. If
7 = [a, b] is a compact, interval, then every / e C(I,J-) is bounded. This allows
us to define a norm on C(I,F), the sup norm,

Since j / [ assumes its maximum on 7, there is a point to £ I such that |/(to)| =

ll/lloc.

It is not difficult to verify that || ]|oo is a norm. Clearly, ||/||oo > 0, and
Il/Hoc = 0 if and only if / = 0. If f , g £ C(I,F), then

so

Finally, if a € f., f £ C(I,F), then |(a/)(t)| = a||/(i)|, and hence
!!«/!!«> = sup{|(a/)(*)l I te 1} = \a sup{|/(*),l \ t e 7} = la! ||/|!oo.
Thus if 7 is compact, (7(7, T] is a normed vector space with the norm given
in (5.8), and it is a metric space with the metric

If A, / € C(I,F] and
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then given any e > 0 there is a positive integer N such that ||/j. - /H^ < e for
k > Ar, and (5.10) implies that

Hence //. —> / uniformly on /; that is, the TV in (5.11) is independent of t e /.
Conversely, if (5.11) is valid, then

and therefore (5.10) is valid. Thus convergence in the metric (5.9) is the same
as uniform convergence on /.
It is a basic fact from analysis (see Theorem 7.1 or [17. p. 271]) that C(I,F)
is complete in the metric (5.9), and hence C(I,F] with the norm || ||oo is a
Banach space.
There are other useful norms for C(I,•T7); among these are || ||i and || ||2,
where

Although C(I, T] is a metric space with either of the two metrics di(f,g) =
\\f - g\\i or d-2(f,g) = 11/ — g\\i, it is not a complete space with these metrics.
A Cauchy sequence in either of these metrics may have a limit which is not
continuous on / (see exercise 9).
If A = (ciij) is a matrix-valued function which is defined on an interval /,
except perhaps at c e /, we say A has L = (Ly-) e Mmn(f} as a limitat c
and write
if |A(t) - L\ -> 0 as 0 < |t - c -> 0. Since

it follows that A(£) —> L as t —> c if and only if ay(i) —> Lij for alH = 1,..., m,
and j = 1 , . . . ,n. Thus the usual rules for limits hold. If A,B : / \ {c} —>
summn£]fc=o
(f) ^p(fc)are such
Then ifthat
L > MA(i)
the difference
-»• L, |B(t)
X^=d -^
-^p(fe)
M,~~as^1tig->noc,mor<M
then

Moreover, if C : 7 \ {c} -> Afnp(^) and C(t) -* AT as i -+ c, then (AC)(t) ->
LN ast^c.
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We say A e F(T. Mmn(J-)) is continuous at c 6 / i f A(t) —> A(c) as t —» c.
Clearly A = (a;./) is continuous at c if and only if each a-jj is continuous at c.
We say A is continuous on / if it is continuous at each c E I. The set of all A e
F(I,Mmn(J-")) which are continuous on / is denoted by C(I.Mmn(J-)}. It is
easy to check that A+B and aA are in C(I, Mmn(f}) if A, B € C(I,Mmn(F))
and Q 6 T. Hence C(I,Mmn(F)) is a vector space over T. Also if C 6
C(/.M np (.F)), then AC e C(I,Mmp(F)).
The properties of (7(7, .F) now carry over to the more general function
space C(l. Mmn(F)). Let / = [a, b] be a compact interval. Then if A =
(«(,) e C(I, A/r/m(•?"")); the boundedness of each atj on / implies that there is
a constant M > 0 such that for t G /

and a norm ] H^ can be defined on C(I, Mmn(/"}) by

The proof that \\ \\x is a norm follows just as in the case C(I,f).

Note that

since
and

Now C(I, Mmn(;F)) with the metric d given by

is a metric space. A particular case is C(I, J - n ) . This is a norrned vector space
with the norm || H^, given by

where

Hence C(L F*1} is a metric space with the metric d given by
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In Chapter 7 we will show the C(I, Mmn(F)}, and in particular C(I, F*1},
is complete in the metric (5.12), so that with the norm || Hoc it is a Banach
space.
Integration of matrix-valued functions was introduced in section 2.2.3. The
important inequality satisfied by the integral is

This follows easily from the result for m = n = 1:

If A e C(/, A/mn(.F)) and |/| = 6 - a is the length of I, then since |A(*)| <
||A||oo for all t G I we have

As an example, if

then

5.3

Analytic functions

Onr goal for this chapter was to begin studying differential equations with
power series solutions. Having treated some of the preliminary material from
analysis, we are now ready to consider functions which are defined by convergent power series. A complex-valued function / defined on some open interval
/ is said to be analytic at T G / if on some interval ,7 of radius p centered at T,
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the function / can be represented by a convergent power series in powers of
t -T,

The function / is analytic on / if it is analytic at each r G /. If / is
defined by (5.13), where the series is convergent for i — r < p. it can be shown
that / has a convergent power series expansion about any center TO as long as
(TO - r < p\ that is, the function is analytic on the interval

To begin the study, it will be helpful to recall two basic results in the theory
of series. The first of these is the comparison test, which says that if |ojt < c^
and the series (of nonnegative terms)

converges, then the series

converges absolutely. A second important test for convergence of series is the
ratio test. This test says that if cif. £ C and

then the series converges absolutely (and hence converges) if r < 1. and it
diverges if r > 1.
Our first important result about functions defined by power series describes
the set of points where the scries converges.
Theorem 5.3: Suppose that the power series

converges at a point to / T. Then the senes converges absolutely for all t
satisfying \t - T < \to - T\. The convergence is uniform on any compact
subinterval [a, b] C {\t — T < \to - T \ } .
Proof: Since the series

is convergent, its terms must tend to zero.
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In particular the sequence \ak\\to — T k is bounded by some positive number
M.
Now for \t — T| < |to — T we consider the series

The terms for the series on the right satisfy

Since r — \t — T\/\to - T\ < 1, this series converges absolutely by comparison
with the geometric series

On a compact subinterval [o, 6] C {|t - r < |to — T\} there is an R < I
such that \t — r\/\to — T < R for all t £ [a, b], and so the comparison with a
geometric series may be made simultaneously for all such t. D
Suppose that a series with nonnegative coefficients

is convergent for \t — T\ < p. If

then the series (5.13) is also convergent for \t - T\ < p. To show this, let
\t — T\ = r < p, and note that

Since

is convergent, the comparison test implies that (5.13) is absolutely convergent,
and hence convergent.
Next we want to show that if f ( t ) is defined by a power series (5.13), with
center r, which is convergent on the open interval I — {\t — T < p}, then /
has all derivatives on this interval /, and these derivatives may be computed
by differentiating the series term by term. A similar result holds for termwise
integration. These results are established by using a pair of theorems from
analysis [17, pp. 295-297].
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Theorem 5.4: Suppose that {gn(t}} ^ a sequence of complex-valued continuous functions defined on the compact interval [a, b]. If gn —> g uniformly
on [a.b], then g is continuous on [a.b] and

Theorem 5.5: Suppose that [gn(t)} is a sequence of complex-valued, continuously differentiate functions defined on the open interval (a.b). If gn —> g
pointwisR. and g'n —> h uniformly on (a,b), then g is differentmble on (a, b) and

g' = h.

Theorem 5.4 implies that a convergent power series may he integrated term
by term.
Theorem 5.6: Suppose that

the series convergent on the open interval I = {\t - T\ < p}. If [a, 6] C /. then
f is continuous on [a, b] and

Proof: Apply Theorem 5.4 when the functions gn(t) are the partial sums

Since these functions are polynomials, they are continuous. The sequence converges uniformly to f ( t ) on the compact subinterval [a,b] by Theorem 5.3. C
Theorem 5.5 can be used to show that a convergent power series may be
differentiated term by term.
Theorem 5.7: Suppose that

the series convergent on the open interval I = {\t — T\ < p } .
differentiable on I and

The power scries for f'(i) converges on I.

Then f is
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Proof: We apply Theorem 5.5 when the continuously differentiable functions gn(t) are the polynomials

By assumption the functions gn(£) converge to g(t) pointwise. We need to verify
that the sequence of derivatives {g'n(t}} converges uniformly on any interval
\t — T < r < p to the convergent series

Let r < R < p. By assumption the series for / converges for t ~ T = R,
Using the argument of Theorem 5.3 there is an M > 0 such that

By the ratio test the series

converges, so

uniformly on any subinterval \t — T\ < r < p.
By Theorem 5.5 the function / is differentiable, and /' is given by the
desired series. Since this is true for all subintervals of the form \t — r < r < p,
the result holds for every point in /. D
Having established Theorem 5.7 we can repeatedly differentiate /(£), obtaining the general formula

These differentiated series also converge for \t — r < p. In particular

This formula for the coefficients immediately establishes the next theorem, that
each analytic function has a unique power series representation with center T.
Theorem 5.8: //
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and

then (ik = bfc for k = 0,1, 2 , . . . .
Suppose

where the series converges for \t - r\ < p . Then / + g and fg have series
representations

which are convergent for \t - T < p.
We can also consider analytic functions whose values are m x n matrices
with complex entries. If F : / —> Mmn(C), where 7 is an open interval, then F
is analytic at r 6 / if for some p > 0

where the series converges for \t — T < p. This means that if

then
Writing out the components of these matrices. F = (F,j). Fp = ([F p ].y), A^ =
([Afcjjj), it follows that

and (5.14) is true if and only if

for every i = l , . . . , m . and j = l,...n. From this fact it follows that the
results outlined above are also valid for power series with matrix coefficients.
Thus
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the differentiated series converge for \t — r < p, and

The sum and product formulas extend to the case of matrix-valued coefficients. If

and

where the series converges for \t — r\ < p, then

and

where these two series also converge for t — T\ < p.

5.4

First-order linear analytic systems

Let us now consider a first-order linear system

where A and B are analytic at r € 1Z. In this case T is called an ordinary
point for (5.15). Thus for some p > 0,

where the two series are convergent for \t — r\ < p. The main result about such
systems is that all solutions are analytic at r, with power series representations
which also converge for \t - T < p.
Theorem 5.9: Let A,B in (5.15) be analytic at T G It, with power series
expansions given by (5.16) which are convergent for \t — T\ < p, p > 0. Given
any £ e Cn, there exists a solution X of (5.15) satisfying X(T] = £ with a
power series representation
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which is convergent for \t - r| < p. We have. CQ = £, arid the Ck for k > I
may be computed uniquely in terms of CQ by substituting the series (5.17) into
(5.15).
Proof: A simple change of variables s = t — T will make zero the center of
the power series. Thus there is no loss of generality in assuming T = 0 and
considering (5.15) with

where the series converge for \tl < p.
Suppose X is a solution of (5.15), with X(Q) — £ and

with the series being convergent for \t\ < p. Then clearly X(0) = Co = £, and
the Cfc for k > 1 must satisfy a recursion relation. We have

and

Thus
if and only if

This shows that once Co = £ is determined, all other Cfc are uniquely given by
the recursion relation (5.20).
Now suppose X is given by (5.19) with Co = £, and the C& for k > 1 are
determined by (5.20). We next show that the series in (5.19) is convergent for
\t\ < p. Then the above computation shows that X satisfies (5.15) for \t\ < p
and X(0) = £.
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Let r be any number satisfying 0 < r < p. Since the series in (5.18) are
convergent for \t\ < p. there is a constant M > 0 such that

Using this in (5.20) we find that

or

Let us define <4 > 0 by

From (5.21) it follows that

We now investigate for which t the series

converges. From (5.22) it follows that
di = M(do + I),

An application of the ratio test gives

Thus the series (5.24) converges absolutely for \t\ < r, and because of (5.23),
this implies that the series (5.19) converges for \t\ < r. Since r was any number
satisfying 0 < r < p, we have shown that (5.19) converges for \t\ < p. D
The uniqueness result for linear systems (Theorem 7.4) guarantees that
there is only one solution X of (5.15) on \t - T < p satisfying X(T] = £ for
each £ e Cn. This yields the following result.
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Corollary 5.10: Every solution X of (5.15) on \t - r\ < p has a series
representation of the form.

which is convergent for \t — T < p.
The simplest example of an equation with analytic coefficients occurs when
A(t) = A, a constant matrix, and B = 0. In this case (5.15) becomes X' —
AX. Since A(t) = A is a series trivially convergent for all t fe K. every
solution X of X' — AX has a power series representation, in powers of t,
which converges for all t e K. The recursion relation (5.20) in this case is

and if Co = £ we see that

Hence the solution X satisfying X ( 0 ) = £ has the well-known power series
representation

convergent for alH € 'R.
The case
provides a somewhat more complex example. Let X be the basis for the
solutions of this equation satisfying X(0) = I n . Again Theorem 5.9 guarantees
that X has a power series representation

which is convergent for all i G 1Z. This X satisfies

and the recursion relation (5.20) shows that in this case

Although it is clear that all C^ are determined uniquely in terms of CQ. AQ, A],
a general formula for C^ is not so easy to determine. We have, for example.
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If AO, AI commute, however, the series (5.25) with the Cfc given by (5.26) is
just the power series representation for

5.5

Equations of order n

Theorem 5.9 has an immediate application to nth-order linear equations

where the flj, b arc analytic at r € 7£. We say T is an ordinary point for (5.27).
Theorem 5.11: Let T & 71 and suppose the a3 and b in (5.27) have power
series representations

which are convergent for \t — r\ < p, p > 0. Given any £ G Cn there exists a
solution x of (5.27) on t — T\ < p which satisfies X(T) = £ and has a power
series representation

which is convergent on \t — r < p. We have

and the Ck for k > n may be computed uniquely in terms of CQ, GI, . . . , c n _i by
substituting the scries (5.28) into (5.27).
Proof: Equation (5.27) has an associated system

with
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A, and B have convergent power series representations on \t — r\ < p. Theorem
5.9 then guarantees that (5.29) has a solution Y which has a convergent power
series representation, in powers of t — r, on \t — T < p, a,nd satisfies Y (T) — £.
Now Y = x. where ;r is the first component of Y, and x will satisfy (5.27) with
x(r) = C
Again the uniqueness theorem provides an immediate corollary.
Corollary 5.12: Every solution x of (5.27) on \t - T < p has a series
representation

which is convergent for \t — T < p.
A simple example illustrating the result in Theorem 5.11 is the Airy equation
Each solution x of this equation has a power series representation

which is convergent for all / € 72-. Let us compute the coefficients c/,. in terms
of c0 - x(0). oi = .r'(0). We have

and

Thus

for alii C "R, if and only if

For the first few terms we have

One may prove by induction that
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Collecting together all terms with CD and c\ as a factor we obtain x = CQU + CIV,
where

It is now clear that X = (u, v) is the basis for the solutions of (5.30) satisfying
X(0) = (u(0),v(0)) = I2.

5.6

The Legendre equation and its solutions

5.6.1

The Legendre equation

One of the important second-order equations with analytic coefficients is the
Legendre equation

where a £ C. This equation arises naturally in the study of the partial differential equations describing wave phenomena [24, pp. 257-263] or heat conduction
[19. pp. 222-233] associated with spherical bodies.
Writing (5.31) as

the functions ai, «o given by

are analytic at t — 0. In fact,

this series converging for \t\ < p = 1 and diverging for \t\ > 1. Thus ai, ao
have the power representations
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which converge for \t\ < 1, and Theorem 5.11 implies that the solutions of (5.31)
on t < 1 have convergent power series expansions there. Let us compute a
basis for these solutions. If

then

Thus

and x satisfies Lx = 0 if and only if all the coefficients of the powers of t are
zero. The coefficients must satisfy the recursion relation

The initial coefficients c^ are

An induction argument can now be used to show that for m = 1 . 2 . . . . ,
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Therefore all c/. are determined uniquely by CQ and ci, and x — CQU + C^V,
where

Note that a;(0) = CQ. x'(0) =- GI, so that X = (u, v) is the basis for the solutions
of Lx = 0 for t < 1 such that X(0) = (u(0), v(0)) = I2.
If a is a nonnegative even integer, a — 2m, m = 0 , 1 , 2 , . . . , then u(i) has
only a finite number of terms which are not zero. In this case we see that u is
a polynomial of degree 2m which contains only even powers of t. Thus

The solution v is not a polynomial in this case since none of the coefficients in
the series (5.34) vanish.
Similarly, if a is a nonnegative odd integer, a = 2m + 1, m = 0 , 1 , 2 , . . . ,
then v reduces to a polynomial of degree 2m + 1 containing only odd powers
of t. The first few of these are

The solution u is not a potynomial in this case.
We know from Theorem 5.11 that the two series (5.33), (5.34) are convergent for \t\ < 1. If a = 2m is an even integer, the series for u reduces to a
polynomial which is convergent for all t € Ti, and this u gives a solution of
the Legendre equation for all t €E 'R-. In this case when a = 2m, the ratio test
shows that the series for v diverges for \t\ > I , and thus we can only guarantee
that v is a solution of Lx = 0 for \t\ < 1. A similar situation prevails in case
a — 2m + 1, with the roles of u and v reversed.
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The polynomial solutions of the Legendre equation when a = n is a nonnegative integer are of great importance, and so we develop some of their
properties in the next section.

5.6.2

The Legendre polynomials

Let a = n, a nonnegative integer, and consider the Legendre equation

For each n = 0 , 1 , 2 , . . . there is a polynomial solution of (5.35) of degree
n. The polynomial solution Pn of degree n satisfying P n (l) = 1 is called
the nth Legendre polynomial. After obtaining a formula for a solution having
these properties, we will show that there is only one such solution for each
n = 0,1,2,....
The polynomial

of degree n satisfies (5.35). To see this, let

and verify that
Now differentiating this expression n + 1 times leads to

Since p = v^ we have

so that p does satisfy (5.35).
This polynomial p satisfies

from which it is clear that p(l') = 2nn\. This shows that the polynomial Pn of
degree n given bv
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is a solution of (5.35) satisfying P n (l) = !• This expression (5.36) for Pn is
called the Rodrigues formula.
We will show next that there is no other such polynomial solution of (5.35),
and hence (5.36) gives the nth Legendre polynomial Pn. Suppose q is any
polynomial solution of (5.35). We give the argument for the case when n is
even, n — 2rn. For \t\ < 1 we have q = CQU + c\v for some CQ,CI 6 C, where
(u,v] is the basis for (5.35) given by (5.33), (5.34) with a = n. Now u is a
polynomial of degree n, and hence q — CQU is a polynomial. But c\v is not a
polynomial unless c\ = 0. Hence c\ = 0 and q = c^u. In particular, the Pn
given by (5.36) satisfies Pn = CQU for some CQ G C. In case n is odd, the roles
of u and v are reversed.
Now 1 = -Pn(l) = CQti(l) shows that u(l) / 0. Similarly, v(l) 7^ 0 if n is
odd. Thus no nontrivial polynomial solution of (5.35) can be zero at t — 1.
From this we can deduce that there is only one polynomial Pn satisfying (5.35)
and P n (l) = 1. If pn is another such polynomial, then pn — Pn = qn is a
polynomial solution of (5.35) such that qn(l) — 0. Hence, qn(t) = 0 for all
t € U, or pn = Pn.
The first five Legendre polynomials are

The Legendre polynomials satisfy a number of interesting recurrence formulas, one of which will be used in the next section. It states that

This can be obtained directly from the Rodrigues formula (5.36). Note that

Then (5.36) gives

where we have used (5.38).
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The recurrence formula (5.37) implies that, if n = 1m is even.

Using PQ = 0 and adding gives

Similarly, if n = 2m + 1,

A formula covering both the even and the odd cases is

where |_(n- l)/2j is the greatest integer which is less than or equal to (n-1)/2,

The Legendre polynomials are sometimes referred to as Ltgcndre junctions of
the first kind.

5.6.3

Legendre functions of the second kind

We continue our investigation of the Legendre equation (5.35) when a = n. a
nonncgativc integer. If a = 0, the scries (5.33) gives u = PQ, whereas (5.34)
becomes

This series represents a familiar function. Since

and
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it follows that

This solution of the equation LQX = 0 will be denoted by QQ,

When a = 1, the series (5.34) reduces to a polynomial v = PI, whereas the
solution u becomes

Denote the negative of this solution by Q\:

The simple formulas

generalize. It turns out that for n = 1 , 2 , . . . , there is a unique solution Qn of
L n x = 0 of the form
where p is a polynomial of degree n — 1. This solution Qn is called the nth
Legendre function of the second kind. After finding an explicit formula for such
a Qn, we will show that such a solution is unique.
Observe that if
then

and

Now
and these imply that Lnx = 0 if and only if Lnp = 1P'n. We define Qn by

Analytic Coefficients

149

which has the form Qn = PnQo — p, where p is a polynomial of degree n - 1.
To show that LnQn — 0, that is. Lnp = 2P'n, note that

and therefore
Using (5.39), it follows that

To establish the uniqueness of Qn. suppose that PnQo—q is another solution
of Lnx = 0, where q is a polynomial of degree n — 1. Then w = q - p is a
polynomial of degree < n — 1 which satisfies

Thus w = CQU + C[V for c.j € C, where u,v are given by (5.33), (5.34) with
a — n. If n — 2m, u and w are polynomials but v is not. and hence c\ = 0.
which means w = cou. But deg(w) < n—l and deg(u) = n implies that CQ = 0.
Thus w = 0, or q = p. A similar argument is valid in case n = 2m. + 1 with the
roles of u and v reversed. Thus the polynomial p is unique, and the Qn given
by (5.41). with Qo given by (5.40), is the unique solution of Lnx = 0 having
the form PnQo - p, where p is a polynomial having deg(p) = n — 1.
Observe next that the function

obtained by reversing the sign of the argument of QQ, satisfies the equation

as a direct computation shows. This function may also be written as

If the definition of Qo is extended by putting

then LoQo = 0 for \t\ / 1, and if Qn is defined by the formula (5.41) for
n = 1 , 2 , . . . , we obtain two solutions Pn, Qn of Lnx = 0 for \t\ > 1 as well as
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for \t\ < 1. Now (Pn, Qn) will be a basis for the solutions of Lnx = 0 for \t\ / 1
if they are linearly independent. Suppose there are constants ci, 03 such that

for \t\ < 1 or for \t\ > 1. Since |<2o(i)| —> oo as £ —> 1 and P n (l) = 1) we have
IQnWI -» oc as i —> 1. and

for £ near 1 shows that as i -> 1, |P n (t)|/|Q n (t)| -> 0. or c2 = 0. Then
dP n (i) = 0 implies ciP n (l) = ct = 0.
Note that if x is any solution of Lnx = 0 which exists at t = 1, then the
differential equation implies that x is restricted by the condition

Similarly, if x exists at t = -1, then

Thus not all initial value problems for Lnx = 0 can be solved using the initial
points T = ±1.

5.7 Notes
The reader may find it helpful to review the material in analysis, which is
covered in [17], or in the classic [22].
The use of power series methods and the related analytic function theory
for attacking differential equations flourished in the nineteenth century. An
interesting historical overview can be found in Chapter 29 of [12]. The classic
work [27] contains a vast amount of material on this subject, and on Legendre
functions in particular. A more modern treatment of the interplay between
differential equations and the theory of analytic functions is [8]. This work
also has many historical notes. The elementary text [19, pp. 222-231] shows
how Legendre functions may arise from consideration of partial differential
equations. In addition to material on Legendre functions, the book [24, pp.
239-240] discusses the connection between the Hermite polynomials, discussed
in the exercises, and partial differential equations.
The term ordinary point, for a point where the coefficients of an equation
(5.15) or (5.37) are analytic, is not very suggestive, but it is well entrenched
in the literature. The term analytic point is used in [3. p. 111].
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Exercises

1. Let X, Y € C3 be given by X = (i, -i, 1), F = (1 + /. -2. i). Compute

Verify that
2. Use the inequality
to show that
for all X 6 Cn.
3. A complex number was defined as an ordered pair of real numbers.
z = (a, b) 6 T?.2. Show that in general the absolute value z . z € C, is different
from the norm |(a,6)| = ||(a,6)||i, (a.b) £ ft 2 .
4. (a) If || || is a norm on Cn, show that the function

is continuous at each x e Cn\ that is.

(b) If | || is any norm on CTI. show that there is an A/ > 0 such that

(c) Show that || j and | are equivalent norms on C".
(d) Show that any two norms on Cn are equivalent.

5. Prove Theorem 5.2.
6. Let f . g <E C(LC), where I =. [0.1], and

Compute

7. (a) Show that ||/||i < \\f\\x for all / e C(I,C), where / - [0 T 1].
(b) Show that there is no M > 0 such that \ \ f \ \ x < A/||/||i for all / e
C ( I , C ) , I = [0,1]. (Hint: Consider the functions /„(/) = f . )
8. Are j| | j i and || |J2 equivalent norms on C(I,C}'?
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Thus /„, is a piecewise linear function on / = [0.1] and /„ £ C(/, 1i). Draw the
graph of fn. Show that the sequence {/„} is Cauchy in the metric d\(f,g) •--

\\f-9\h-

(b) Let

Show that \\fn - /||i -> 0 as n -» oo. Note that / i C(I,K).
(c) Show that C(L TV) with the metric d\ is not complete.
10. Let A, B e C(I, M 2 (C)), where / = [0,1], and

Compute

Verify that

11. Let A € Mn(C) satisfy |A| < 1.
(a) Show that (In — A)"1 exists.
(b) Show that the scries

converges and has the sum

by noting that the partial sums

satisfy
(c) Show that
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12. Let A e Mn(C).
(a) Show that the series

is convergent for t e I, where

What is the sum S(t.) of this series for t £ /'.'
(b) Let B(f) = A(I n - At)" 1 on the interval I. Show that B is analytic
on / by computing its power series expansion

and showing that this series converges on /.
(c) Compute the basis X,

for the solutions of

on / such that X(0) = In.
13. Find the basis X for the solutions of

such that X(0) = I 2 .
14. (a) Show that the basis X of

satisfying X(0) — I,,, is given by

(b) Let A0. AI G Mri(C) and A0A! = AtA 0 . Show that

has a basis
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and that this satisfies X(0) = In.
15. Let AQ, AI, . . . , Am G Mn(C) be pairwise commutative,

Show that the basis X of

satisfying X(0) = In, is given by

16. Find the basis X for the solutions of the system

such that X(0) = I2 as follows. X = (U,V), where 17(0) = £1, V(()} = E-2.
Compute U and then V. Thus find that

where CQ — E-\ and

etc.
17. Find the basis X for the solutions of
x" + tx = 0. tell,
satisfying X(0) = 1%. (Hint: Let t = -s, y(s) = x(-s), and show that y
satisfies y" — sy = 0. which is the Airy equation.)
18. Find a basis X = (it, v) for each of the following equations by computing
solutions x in the form of power series
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19. Find the solution u of

in the form

which satisfies u ( l ) = Ei} i.e., u(l) = 1, u'(l) =0. (Hint: Let s = t- 1.)
20. Compute the solution u of

which satisfies u,(0) = Ej, i.e., u(Q) = 1, -u'(0) =0, u"(0) = 0.
21. The equation
has a solution v satisfying v(Q) = KI which can be represented as a series

convergent for all t € K. Compute C ( j . . . . , c 5 . (Hint: Q- = 1^(0)/k\ and
v"(t) = -e^t}.)
22. The equation

is called the Chebyshev equation (also spelled Tsche.byche.ff).
Theorem 5.11 there is a solution x of the form

According to

where the series converges for \t\ < 1.
(a) Show that the c^ satisfy the recursion relation

(b) From (a) it follows that the basis X = (u,v) for (5.43) such that
X(0) = 12 has the form

Compute dim and d'2m+\ for m = 1 , 2 , . . . .
(c) Show directly that the series converge for \t\ < 1. (Hint: Use the ratio
test.)
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(d) If Q = n, a nonnegative integer, show that u is a polynomial of degree n
if n is even and v is a polynomial of degree n if n is odd. When appropriately
normalized these are called the Chebyshev polynomials .
23. For \t\ < 1 consider the Chebyshev equation of exercise 22 with a = n,
a nonnegative integer.

(a) For each n = 0, f, 2 , . . . , let

Show that Tn is a polynomial of degree n satisfying T n (l) — 1. This Tn is
called the nth Chebyshev polynomial. (Hint: Let t = cos(9) and note that

where (£) is the binomial coefficient (£) = ki/n-k)\^
(b) Verify that Tn satisfies (5.44).
(c) Verify that the first five Chebyshev polynomials are given by

24. The equation

is called the Hermite equation. It has a solution x of the form

where the series converges for all t € 7i.
(a) Show that the c^ satisfy the recursion relation

(b) From (a) it follows that the basis X = (u, v) for (5.45) satisfying X(0) =
12 has the form

Compute d,2m and e^m+i.
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(c) If a = n is a nonnegative integer, show that u is a polynomial of degree
n if 77 is even, and v is a polynomial of degree n if n is odd.
25. Consider that Hennite equation (5.45) of exercise 24 with a = n, a
nonnegative integer
(a) For 77 = 0 , 1 . 2 , . . . , let

Show that Hn is a polynomial of degree n. This Hn is called the nth Hermite
polynomial.
(b) Show that HH satisfies (5.46) as follows. If w(t) = exp(—t 2 }, show that
w'(t) + 2tw(t) — 0. Differentiate this equation n times to obtain

Differentiate Hn to obtain

Use these two equations to show Hn satisfies (5.46).
(c) Verify that the first five Hermite polynomials arc given by

26. (a) Show that the series (5.33), (5.34) for u and v converge for \t\ < I .
(b) If the series for u or v does not reduce to a polynomial, show that it
diverges for \t\ > 1. (Hint: Use the ratio test.)
27. Find two linearly independent solutions u, v of

for |*| < 1. (Hint: Let y = x'.)
28. (a) Verify that Qj. given by

is a solution of the Legendre equation when a = 1.
(b) Express Q\ as a linear combination of the basis u,v given by (5.33).
(5.34) with a- = 1. (Hint: Compute Qi(0), Qi(0).)
29. (a) Show that Pn(-t) = (-l)nPn(t) and hence that Pn(-l) = (-1)".
(b) Show that P^(l) = n(n + l)/2 and P^(-l) = (-l) n + 1 n(n + l ) / 2 .
30. Show that the coefficient cn of tn in Pn(t).
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is given by

(Hint: The Rodrigues formula implies

31. Show that Pn is given by the explicit formula

(Hint: Use the Rodrigues formula and note that

and

Here \n/2\ is the largest integer less than or equal to n/2.)
32. Show that

as follows. Note that

Hence

Integrate from -1 to 1.
33. Show that

as follows. Let u(t) = (t - 1)" in the Rodrigues formula

Show that u^(l) = u^(-l) = 0 if 0 < k < n. Integrate by parts to obtain
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Let t = sin(6J) in this last integral, and obtain

34. Show that for n = (),1. 2
such that-

, there are constants ao- ai

an e 11

35. Let P be any polynomial of degree n,

Show that P is a linear combination of PO, PI

Pn.

(Hint: see exercise 34.)
36. If P is a polynomial of degree n, with

as in exercise 35, show that

(Hint: Use the results of exercise 32.)
37. Show that

if rn is an integer, 0 < rn < n. (Hint: Use exercise 32.)
38. Show that

for n = 1 . 2 , . . . , as follows. Comparing the coefficients of t"+1 in P,,+i and tPn
(see exercise 30), show that

where P is a polynomial of degree at most n. By exercise 35.
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for some QJ. Using exercise 32 show that a^ = 0, k = 0 , 1 , 2 , . . . , n — 2. Hence

Evaluate an-i,an by putting t = ±1.
39. Show that

(Hint: Use (5.47) and exercise 38.)
40. (a) Suppose Pn(r) = 0 for some r, —1 < r < 1. Show that r is a
simple zero of Pn, that is, its multiplicity m is 1. (Hint: Apply the uniqueness
theorem to Lnx = 0 with initial values at T.)
(b) Show that Pn for n > 1 has n distinct zeros on (-1,1) as follows.
Suppose Pn has k zeros r\...., T^ in (—1,1), where 0 < fc < n. If

show that the polynomial PPn has a constant sign in (—1,1), and hence

But (by exercise 37) deg(P) = k < n implies

a contradiction. Thus Pn has at least n zeros on (—1,1), and since deg(Pn) = n,
it has all of its zeros on (—1.1), and they are distinct by (a).
41. (a) Show that QQ given by (5.42) satisfies

(b) From (5.41) we have Qn = PnQo — pn~i, where pn-\ is a polynomial,
deg(pn-\) = n - 1. Show that

(c) Show that

42. Verify that
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43. If m, n are nonnegative integers, the associated Legendre equation is

(a) If x is any solution of the Legendre equation Lnx = 0. show that
y = (l-t2)rn/'2Dmx is a solution of the associated Legendre equation
L
mMy = 0
as follows. Compute y' and y" to obtain

where

Differentiate the equation Lnx = 0 rn times and show 2 = 0.
(b) Define

These are the associated Legendre functions of the first and second kind.
Note that P™ is the zero function if m > n. For any rn = 0 , 1 , . . . ,n and
nonnegative integer n, show that X — (P"l,Q"') is a basis for Lr,IMx = 0 for
\tl < I and for \t\ > 1.
44. (a) Show that

(b) Show that

(Hint: The case m = 0 is considered in exercise 33.)
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Chapter 6

Singular Points
6.1

Introduction

While the power series method of the previous chapter applies to a number
of important problems, the theory requires modification to handle many other
interesting examples. In such examples the matrix-valued function A(i) or the
vector-valued function B(t} in the system
may be analytic at every point t e / except at some particular point T. In
such cases the behavior in a neighborhood of T is often most significant.
A physically motivated example, the vibrations of a circular drumhead,
illustrates how such equations arise. Choose coordinates so that the drumhead
rests in the x — y plane (Figure 6.1). Small vibrations in the vertical direction
are modeled by the partial differential equation

where u(x, y, t) represents the vertical displacement of the drumhead at position (x, y) and time t. If the membrane is fixed at the boundary, the condition
u(x, y, t) = 0 must be satisfied for (.?;, y) on the boundary. The constant c
depends on the physical parameters of the membrane.
Since the value of c will not play an important role in this discussion,
assume that c = I . The equation (WE} applies regardless of the shape of the
drumhead. If the shape is a disk of radius R, the problem is simplified by using
polar coordinates (r, 9}. By using the chain rule for differentiation, the form
of the equation for u(r, 9, t) in polar coordinates becomes

The condition u(R. 0, t) = 0 expresses the fixing of the membrane at the boundary r = R.
163

164

Linear Ordinary Differential Equations

In some cases special solutions of partial differential equations can be written as products of functions of a single variable. For the vibrating circular drum
this approach, called separation of variables, leads us to look for solutions of
the form
If this form for u is inserted into equation (VFp), and both sides are divided
by u = f(r)g(9)h(t), we find

This equation says that the value of the function h"(t)/h(t] is actually independent of t, or there is a constant A such that

Figure 6.1: Geometry for a circular drumhead.
A similar argument shows that there is a constant a such that

and finally that f ( r ) satisfies
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In addition, the condition u(R,0,t) = 0 takes the form f ( R ) = 0.
The equations for g and h have constant coefficients, so these can be solved
explicitly by elementary methods. On the other hand the equation for / has
coefficients which are analytic when r > 0 but have a singularity when r — 0.
This equation falls into the class of problems considered in this chapter. In
fact, we will be able to express / in terms of solutions to Bessel's equation, the
main example taken up later in the chapter (see exercise 43).
While we have identified the equations which must be satisfied by /(r), g(9),
and h(t). there are additional conditions which must be satisfied if w(r, 0, t) =
f ( r ) g ( 0 ) h ( t ) is to be a meaningful solution of the physical problem. The boundary condition f ( R ) = 0 has been noted. In addition, since the coordinates
(r. (?) and (r, 0 + 2vr) describe the same points, the function g(0) must satisfy
g(B) = g(Q f 2?r). For a more complete discussion of these additional constraints, including conditions on the behavior of / as r —» 0, the reader may
consult [19, pp. 195-200] or [24, pp. 251-257].
Turning to a more general discussion, consider a first-order linear system

where A 0 , AI € C(L Af n (C)), and B e C(LCn) for some real interval /. If A{
is invertible on /, then X is a solution of (6.1) on / if and only if

Now (6.2) is an equation for which our existence and uniqueness results hold.
Thus, given any T e /. £ € Cn there exists a unique solution X of (6.1) on /
satisfying X ( T ) = £. A point r 6 / where AI is invertible is called a regular
point for (6.1), and a point T e 1 where A! is not invertible is called a singular
point for (6.1).
If r is a singular point for (6.1), existence or uniqueness of solutions may
fail for the initial value problem at T. The following two simple examples
illustrate this in the case n = 1:

In both cases T = 0 is the only singular point. The solutions of (6.3) have the
form
and the only solution which exists at r = 0 is the trivial one. where c = 0. No
initial condition at t = 0 other than x(0) = 0 is possible. On the other hand,
the solutions x of (6.4) ha,ve the form
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These all exist at r = 0, with x(r) = 0. Thus not only is £ = 0 the only initial
value possible at r — 0, but there are infinitely many solutions satisfying
x(r] = 0.
In general it is rather difficult to determine the nature of the solutions in
the vicinity of a singular point. However, there is a large class of equations
for which the singularity is not too bad, in that slight modifications of the
power series method used in Chapter 5 for solving equations with analytic
coefficients can be employed to provide solutions near the singularity. After
a thorough analysis is provided for systems with these mild singularities, the
general techniques are brought to bear on two important examples, the Euler
equation, which has explicit elementary solutions, and Bessel's equation, one
of the most famous of differential equations.
We will concentrate on the homogeneous equation

since once a basis for such an equation is known, the nonhomogeneous equation
(6.1) can be solved using the variation of parameters formula. A point T e 'R,
is a singular point of the first kind for (6.5) if the equation can be written in
the form
on some open interval containing r, where A is analytic at r and A(r) / 0.
Thus A has a power series representation

where the series is convergent for t — r\ < p for some p > 0 and AQ 7^ 0.
If AQ = 0. division of (6.6) by t — T results in an equation with analytic
coefficients.
If AQ 7^ 0 then new phenomenon appear, but these turn out to be manageable. The simplest example occurs when A(t) = A is a constant matrix, and
we take T = 0,
If n = 1 it is easy to see that

gives a solution of (6.7) in case t > 0, and, similarly, a basis X for (6.7) in the
general case is given by
if t > 0.
We define tA for any A € Mn(C) by
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J y ) is a, Jordan canonical torm for A. with A =

and

is another basis for (6.7) for t > 0. The explicit structure of tj = exp(J log(f))
shows that the columns Y\
Yn of Y have the form
Yj(t) = e A l o g Wp(log(t)) = t A P(log(t)),
where A is an eigenvalue of A. and P is a vector polynomial of degree less than
or equal to m — 1. where rn is the multiplicity of A. For example, if Ji is the
r\ x 7'i matrix

and if the columns of Q are Q\,... , Qn, then the first r-\ columns of Y are

Corresponding to each eigenvalue A of A there is at least one solution Y of
the form
If AI. . . . . A/,: are the distinct eigenvalues of A with multiplicities m\
respectively, every solution X ( t ) of (6.7) can be written as

m^.,

where Pj is a vector polynomial of degree at most nij — 1.
For t < 0,
is a basis for (6.7), since \t\ = — t for t < 0 and

Thus (6.8) gives a basis for (6.7) on any interval not containing the singular
point T = 0. For each eigenvalue A of A with eigenvector Q. there is a solution
Y of the form
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and every solution X of (6.7) can be written as

where the Aj are the eigenvalues of A and Pj is a vector polynomial of degree at
most mj — 1. If the eigenvalues Aj are all distinct, with nontrivial eigenvectors
QJ, then we have a basis

The only difference between the example (6.7) and the more general case

where the series converges for \t\ < p for some p > 0, is that a basis X for (6.9)
has the form
where

and the series for P converges for \t\ < p. In fact, in many cases we can choose
S to be the constant term AQ in the power series expansion of A. This is the
central result concerning systems with a singular point of the first kind.

6.2

Systems of equations with singular points

6.2.1

Singular points of the first kind: A special case

Consider a first-order system with a singular point of the first kind at T. Such
a system may be written as

where R e Mn(C) and A is analytic at r, so that

where the series converges for |t — r| < p for some p > 0. The next result shows
that there are always solutions X of (6.10) of the form X(t) = \t — T\xP(t),
where A is an eigenvalue of R and P has a power series expansion in powers
of t — r which is convergent for \t — r < p. It is not necessarily the case that
such solutions exist for each eigenvalue of R.

A
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Theorem 6.1: Let X be an eigenvalue o/R. with the property that X + k is
not an eigenvalue o/R for any positive integer k. Then (6.10) has a solution
X of the form
where P has a convergent power series representation

The coefficients P& can be computed uniquely in terms of PQ by substituting
(6.11), (6.12) into (6.10).
Proof: There is no loss of generality in assuming r = 0, which reduces the
problem to

where

Suppose X is a solution of (6.13) of the form

where

Then

and P must satisfy

The terms in (6.16) have the form
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where

Thus P satisfies (6.16) if and only if

and this is true if and only if

The equation (6.17) just says that PQ is an eigenvector of R for the eigenvalue A. The assumption about A comes into play with equation (6.18). Since
\+k is not an eigenvalue of R for any positive integer fc, the matrix (\+k)In—R
is invertible for all k = 1,2,.... Thus (6.18) may be rewritten as

which is a recursion relation for the P&, since Ck-i only uses PQ, PI, . . . . Pk-\Once PQ is selected, all other P& are uniquely given by (6.18).
The remaining problem is to show that if the Pk € Cn satisfy (6.17), (6.18),
with PQ ^ 0, then the series (6.15) is convergent for \t\ < p. From the above
computation it then follows that X satisfies (6,13) for 0 < |t| < p.
By writing (6.1.8) in the form

we obtain the inequality

If I is a positive integer satisfying R — AIn < 1/2, then |R — AIn < k/2 for
k > I, and (6.19) yields

The series (6.14) converges for \t < p. Thus if r is any number such that
0 < r < p, then
for some constant M > 0. Using this in (6.20) leads to
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Let dk > 0 be defined by

It then follows from (6.21) that

The proof that the series (6.15) converges for \t\ < p now proceeds just
as in the proof of Theorem 5.1. We repeat the brief argument. The equation
(6.22) implies
Applying the ratio test for k > I gives

Thus the series

converges absolutely for \t\ < r, and (6.23) then implies that the series for P(t)
given in (6.15) is convergent for |t| < r. Since r was any number such that
0 < r < p, it follows that (6.15) converges for \t\ < p.
Corollary 6.2: // the distinct eigenvalues of R are A I . . . . . A^ and X is
any eigenvalue such that

there is a solution X of (6.10) of the form

where P has a convergent power series representation (6.12) for \t — T\ < p
and P(r) + 0.
Corollary 6.3: // R has n distinct eigenvalues AI, . . . , An with the property that no two differ by a positive integer, then, (6.10) has a basis X =
(Xi,... ,Xn), where the Xj have the form

The -Pj have convergent power series expansions in powers oft—T for \t—r < p
and P}(T) / 0.
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Proof: Choosing Pj (T) to be an eigenvector of R for the eigenvalue Xj, we
obtain the existence of the solutions by Theorem 6.1. The matrix X has the
form
where
The n eigenvectors PI(T), . . . , P n (r), belonging to distinct eigenvalues form
a basis for C n , so that det(P(r)) / 0. The continuity of P implies that
det(P(i)) 7^ 0 for t near r, arid thus X(t) is invertible for i near r. Hence
X is a basis for (6.10) for 0 < t — T\ < p.
A simple example is given by

Here the eigenvalues of R are AI = —1/2, A2 = 1/3, and, since \i — AI = 5/
is not a positive integer, there is a basis X = ([/, V] of the form

where P, Q have power series expansions

convergent for all t € 7£. The constant terms PQ, QQ are eigenvectors for R for
AI, A2, respectively. Thus we may take

Let us compute P(t). Its coefficients satisfy the recursion relation (6.18),
which in this case reduces to

where
Thus
When A is an eigenvalue of R with eigenvector PQ,

so that
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Consequently,

and, in general.

Therefore

and similarly Q(i) = e'^Qo. A basis X — ([/, V) is given by

or

The equations (6.17). (6.18) in the proof of Theorem 6.1 may have a nontrivial solution if A + m are eigenvalues of R for some positive integers m. That
is, the equations [(A + m)I n — R]Pm = Cm-i rnay have solutions for Pm even
though dct[(A + m)In — R] = 0. This would lead to solutions X of the form
(6.11), for we have proved that if the P& E Cn are any vectors satisfying (6.17).
(6.18), then the series

is convergent for \t — T\ < p. This is illustrated by the simple example

Here AI = 1. A2 == 0, and we have the basis

A contrasting example is given by

Again the eigenvalues of R are AI — 1, A2 — 0. For A2 = 0 the equation (6.17)
has a solution PQ = E-2, However, the equation (6.18) for k = I becomes

for
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which has no solution. It is not difficult to see that a basis for the solutions is
X = (U,V), where

We are thus faced with the problem of finding a basis X for (6.10) in case
the eigenvalues of R do not satisfy the conditions in Corollary 6.3. Further
progress will require two results about matrices, given in the next section.

6.2.2

Two results about matrices

If A G Mn(C) and p is any polynomial,

then the matrix p(A) is defined by

Cay ley—Hamilton theorem: If A € Mn(C) has the characteristic polynomial PA ,

then
Proof: A proof can be based on the primary decomposition theorem (Chapter 3). Let A i , . . . , A f c be the distinct eigenvalues of A, with multiplicities
m i . . . . , mfc, respectively. Then

and every £ € Cn can be written uniquely as

where
Thus
and all the factors in this expression commute. If £ 6 Cn is written as in (6.24),
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since (6.25) is valid. It follows that the columns of p^(A), which are just
PA(A)£I, • • • >PA(-A-)-En; are all zero, and hence p\(A.) = 0.
The second result concerns solutions U G Mn(C] of a matrix equation

where A,B, C € Mn(C} are given matrices. Note that (6.26) is a linear system
of equations for the n2 components Uy of the matrix U. for the map

is linear:

Thus (6.26) has a unique solution for all C € Mn(C) if and only if the homogeneous equation
has only the trivial solution U = 0.
Theorem 6.4: Let A , B 6 Mn(C) and suppose that A and B have no
eigenvalue in common. Then (6.27) has only the trivial solution U = 0. and
(6.26) has a unique solution for every C G Mn(C).

Proof: Let A]..... \k be the distinct eigenvalues of A, and let (JL\ f.ip

be the distinct eigenvalues of B. Let p,j have multiplicity m,j. Then the
characteristic polynomial p-Q of B is

Since A| ^ p,j for / = 1 , . . . , fc and j = 1 . . . . . p, the matrices

are all invertible, and so are the matrices

Thus
is invertible, whereas the Caylcy-Hamilton theorem implies that PB(^) = 0.
Now suppose U satisfies (6.27). Then

implies that

and since (pg(A))

1

exists. U = 0.
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The special case, continued

Returning to the system

suppose R € Mn(C) and A has the convergent series representation

We now consider the case where the eigenvalues of R may not be distinct but
no two differ by a positive integer.
Theorem 6.5: Suppose that R has eigenvalues with the property that no
two differ by a positive integer. Then (6.10) has a basis X of the form

where P has a convergent power series representation

The coefficients P k can be computed uniquely by substituting (6.28), (6.29) into
(6.10).
Proof: Assuming that T = 0, the system is

where

Suppose X is a basis for (6.30) of the form

where

and this series converges for \t\ < p. Then

or
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Since [tj^ is invertible for \t\ > 0,

Now

where

Thus P satisfies (6.33) if and only if

Clearly PO = In satisfies (6.34). The equation (6.35), which can be written as

represents a recursion relation tor the PJ-. since

For a given A; this equation (6.36) has the form UA — BU — C if we put

Now f_i is an eigenvalue of A -- A;IT, + R if and only if /x = k + A, where A is an
eigenvalue of B = R. since

The assumption that no two eigenvalues of R differ by a positive integer implies that A = k\n + R and B = R have no eigenvalues in common. Thus
Theorem 6.5 is applicable, and (6.36) can be solved uniquely for P^ if we know
Cfc_i. An induction then guarantees thai, all the P^, A; — 1 , 2 , . . . , are uniquely
determined by (6.36).
Now suppose that the P^ satisfy (6.36). where PO = I,,. If the series in
(6.32) is convergent for \t\ < p. then our computation above shows that X
satisfies
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The continuity of P and the fact that P(0) = In imply that P(f) is invertible
for t near 0. Since |£|R is invertible for t / 0, the matrix X(i) is invertible for
t near 0, t ^ 0. This implies that X is a basis for (6.30) for 0 < \t\ < p.
The proof of the convergence of the series in (6.32) is a simple adaptation of
the corresponding convergence proof in Theorem 6.1, and so this is just briefly
sketched. If (6.36) is written as

then

Let I be a positive integer such that 2 R < 1/2. Then 2 R < k/2 for all k > I,
and (6.37) gives

Let r satisfy 0 < r < p. Since the series (6.31) converges for \t\ < /?, there
is an M > 0 such that Aj rj < M for j = 0,1, 2 , . . . . Using this in (6.38) we

find that

Let dk > 0 be denned by

Comparing this definition of d^ with (6.39) we see that

Now (6.40) implies that

and the ratio test for k > I gives

This shows that the series
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converges for \t < r, and (6.41) then implies that the series (6.32) for P(f)
converges for \t\ < r. Since r was any number satisfying 0 < r < p. the series
(6.32) converges for \t\ < p.
Theorem 6.5 applies to the example

where

The matrix R has the single eigenvalue —1 with multiplicity 2, and, since there
is only one linearly independent eigenvector for — 1, a Jordan canonical form
for R is

Thus we have a basis X of the form

where

and the series is convergent for all t € 7£.
The coefficients P^ may be computed by substituting into the equation

However, a small trick can be used to simplify matters here. If we put
X ( t ) — t/(t)exp(t 2 /2), then X satisfies our system if and only if U satisfies U' = Rr^U. A basis for the latter system is X(t) = exp(£ 2 /2)ji| R , and
thus P(t) = exp(t' 2 /2)I 2 . A matrix Q such that R = QJQ"1 is given by

and so

Another basis is given by Y. where
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6.2.4

Singular points of the first kind: The general case

Now consider a system

with no restrictions on the eigenvalues of R. This general case can be reduced
to the special case treated in Theorem 6.5 by an appropriate change in the
variables. Again putting r = 0, suppose that AI, . . . , \k are the distinct eigenvalues of R in (6.30), with algebraic multiplicities m i , . . . , m^, respectively. If
J = Q -1 RQ = diag(Ji,.... 3q) is a Jordan canonical form for R, we can write
J as J = diag(Ri, Ra), where RI is the mi x mi matrix containing all the Jj
having the eigenvalue AI . It has the mi x mi upper triangular form

If X = QY in (6.30). the resulting equation for Y is

Now make a further change by putting Y — UZ, where U is given by

This U is linear in t, and thus analytic for all t, and U(t) is invertible for t j^ 0,
with
The function Y(t) satisfies (6.42) if and only if

or if and only if Z(t) is a solution of the equation

To compute the coefficient of Z in this equation, note that

Now
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where this series converges for \t\ < p. Partitioning B^ as

where (Bfc)n is mi x mi and (6^)22 is (n — m i ) x (ri — m i ) , a short calculation
shows that

where

Thus (6.43) can be written as

where

and the series C(t) converges for \t\ < p.
The total effect of the change from X to Z given by X = QUZ is to change
the original equation X' — [Rt^ 1 + A(t)]X into the equation (6.44), having a
singular point of the first kind at zero, but with the matrix R with eigenvalues
AI, . . . , Ajt replaced by K, which has eigenvalues A] — 1. A 2 , . • • , Afc. By a finite
number of these changes X = QiUiQsU^ • • • Q,,U S W we can arrive at an
equation
where S has the property that no two of its eigenvalues differ by a positive
integer. D(/.) will have a power series representation converging for \t\ < p.
Theorem 6.5 may be applied to (6.45) to yield a basis of the form W(£) =
V(r.)|t! . where V(t) has a power series representation in powers o f t which is
convergent for |/j < p. Then X given by

is a basis for (6.30) for 0 < \t\ < p. and P has a power series expansion in
powers of t which is convergent for \t\ < p.
Thus for a singular point r of the first kind the following result holds in
the general case.

Theorem 6.6: Consider the system
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where R € Mn(C) and A(t) has a convergent power series representation,

There exists a basis X for (6.10) of the form

where P has a convergent power series representation

If a Jordan canonical form for S in (6.46) is H and S = THT 1, then

and another basis for (6.10) is Y. where

Let AI, . . . , \k be the distinct eigenvalues of S, with multiplicities m\,..., m^,
respectively. E]very solution X of (6.10) can be written as X = Y(7 for some
C € Cn, and the explicit nature of H shows that such an X has the form

where each Pj is a vector polynomial in log(|i — r|) of degree at most nij 11
with coefficient functions of t having power series representations in powers of
t — T which are convergent for \t — r < p. Thus for j = 1 , . . . , k we have

where

and the series are convergent for \t — r\ < p.
To illustrate Theorem 6.5, consider the example

for t > 0. The eigenvalues of R are — 1, —2, so that a Jordan canonical form J
for R is
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is given by

Letting X = QF our system is transformed into

and putting Y = V(t)Z, where

we obtain the system

Since K has the eigenvalue —2 with multiplicity 2, there is a basis Z for
this system of the form Z(i) = V(t)t , t > 0, where V has a power series
expansion

which is convergent for all t € 'R.. The coefficients Vjt may be computed
by substituting this Z into the equation Z' = (Kt^ 1 + 3l2)Z. However, the
substitution Z(i) = e'^W(£) leads to the equation

for W, and so Z(f.) — e3itK is a basis for the system for Z\ and

gives a, basis X for the original system. Since

it follows that,
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Singular points of the second kind

A point r € 7£ is a singular point of the second kind for a first-order linear
system
if it can be written in the form

on some open interval containing r, where r is a positive integer and A is
analytic at r with A(r) / 0.
The simplest example occurs when A(i) = A is a constant matrix and
T = 0,

It is easy to check directly that X given by

is a basis for (6.48) for \t\ > 0.
The results valid for systems with a. singular point of the second kind are
considerably more involved than those for systems having a singular point of
the first kind. For example, it can be proved that (6.47) has certain formal
solutions involving series. However, it may happen that these formal series
converge only at one point. This is illustrated by the example

Thus, if

we have
A straightforward computation shows that the series

satisfy these equations in a formal sense, but neither of these series converge
for any t ^ 0. The series are not useless, however, since they contain valuable
information about the actual solutions of (6.49) near the singular point r — 0.
For a discussion about the solutions of a system with a singular point of the
second kind, consult [26, in particular starting on p. 49].
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Single equations with singular points

6.3.1

Equations of order n
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Consider a homogeneous linear equation of order n,

where the Cj € C(I,C) for some interval I. Say that T £ I is a, regular point
for (6.50) if c n (r) ^ 0, while r is a singular point if c n (r) = 0. Of particular
interest are equations which can be written in the form

where the functions CQ. ... ,an-i are analytic at T and at least, one of OQ(T),
. . . . an i(r) is not zero. In this case r is a regular singular point .
The first-order system associated with (6.51) can be written as

where Y = x and

If n > 2 this is a system having T as a singular point of the second kind unless
each a,j can be written as

where the bj are analytic at r, in which case the system has r as a singular
point of the first kind. However there is a first-order system generated by
(6.51) with the property that if T is a regular singular point for (6.51) then T
is a singular point of the first kind for the system.
If x is a solution of (6.51), define the vector Z = ( z i , . . . , zn):

Then

so that Z is a solution of the system
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where

Conversely, if Z is a solution of (6.53) and x = z\ is its first component, then
the other components of Z satisfy (6.52). where x satisfies (6.51).
For any x having n — 1 derivatives, define x by

Using this notation, x is a solution of (6.51) if and only if x is a solution of
(6.53). Also X = (TI, . . . , xn) is a basis for (6.51) on some interval if and only
if X = ( r c i , . . . , x n ) is a basis for (6.53) on this interval. We call (6.53) the
first-order system generated by (6.51).
If r is a regular singular point for (6.51), then r is a singular point of the
first, kind for (6.53). Theorems 6.1, 6.5, and 6.6 are thus applicable to (6.53),
giving information about the solutions of (6.51). Writing (6.53) as a system

the matrix R has the form

The complexity of the solutions near r depends on the eigenvalues of R.
Theorem 6.7: The characteristic polynomial pji of the matrix IL in (6.55)
is given by

If AI, . . . , \k are the distinct eigenvalues o/R, then
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The proof of (6.56) proceeds by induction on n. The result is clearly true
for 1 x 1 matrices, where R = (—OO(T)) and j0R,(A) = A + OQ(T). Assume it is
true for all (n — 1) x (n — 1) matrices of the form (6.55). The characteristic
polynomial is

Expanding by the first column we obtain
where /x = A — 1 and RI is an (» — 1) x (n — 1) matrix

which has the same structure as R. The induction assumption implies that

and putting this into (6.58) yields (6.56).
As for (6.57), suppose a, with components a i , . . . , a n , is an eigenvector of
R for the eigenvalue A. Then Ro: — Xa. if and only if

and
or

and p-fi(X)ai

= 0. Since £(R, A) has a basis consisting of the single vector
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it follows that dim(£(R,A)) = 1.
The polynomial pj^ is called the indicial polynomial of (6.51) relative to the
point T. A direct consequence of (6.57) is that a Jordan canonical form J for R
has the form J = diag(Ji..... Jfc), where there is only one block Jj containing
the eigenvalue \j and this block is m7- x TOJ, where m ? is the multiplicity of Xj.
Suppose the coefficients ao,...,o n -i in (6.51) all have convergent power
series representations

Then Corollary 6.2 implies that if A is a root of the indicial polynomial PR
such that
there is a solution of (6.51) of the form

where p has a power series representation

which is convergent for \t — r < p. Corollary 6.3 implies that if PR has n
distinct roots A i , . . . , A n , no two of which differ by a positive integer, then
(6.51) has a basis X = (xi,... ,xn), where

and the PJ have power series expansions in powers of t — T which are convergent
for \t — T < p, PJ(T) ^ 0. All the coefficients in these series for p and the PJ
can be computed by substituting (6.59) or (6.60) into (6.51).
From Theorem 6.5 it follows that if pp_ has roots with the property that
no two differ by a positive integer, then corresponding to each root A with
multiplicity m there are m solutions y\...., ym of (6.51) of the form

where the PJ have power series expansions in powers of t — T which are convergent for |i — T\ < p. The collection of all such solutions corresponding to the
distinct roots A j , . . . , A& of PR forms a basis for the solutions of (6.51).
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The Euler equation

The simplest example of an nth-order equation with a regular singular point
at r = 0 is the Euler equation

where the Q.J 6 C are constants, not all of which are 0. The system (6.54)
generated by (6.61) is then just

where R. is given by (6.55) with G/(T) = ay. This system has a basis Z given by
Z(t) - \t\ for \t\ > 0. Using a Jordan canonical form for R and Theorem 6.6
we can obtain a basis for (6.61) by taking the first components of the columns
of a basis for (6.62). Alternatively, a basis can be obtained in a direct manner,
which also shows how the indicial polynomial of (6.61) arises in a natural way.
For any A € C and t > 0 we have

and in general
so that
where q is the indicial polynomial of (6.61). Differentiation of (6.63) I times
with respect to A leads to

If A] is a root of q of multiplicity m i , then

and (6.64) implies that

give solutions of (6.61) for t > 0. If t < 0 then t can be replaced by —t = |t|,
yielding
Then (6.64) is valid with t replaced by \t\, and the following result is obtained.
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Theorem 6.8: Let X\...., A^ be the distinct roots of the indicial polynomial q of (6.61),

and suppose \.j has multiplicity m,j. Then the n functions Xij, where

form a basis for the solutions of the Euler equation (6.61) on any interval not
containing t = 0.
Proof: The x^ satisfy Lxij = 0 for \t\ > 0. To see that they form a linearly
independent set, let s = log \t\. \t\ = es in (6.65). Then

The independence of these n functions y^ on any interval was established in
Theorem 3.13, and hence the Xij are linearly independent on any interval not
containing t = 0. D
As an example consider the equation

The indicial polynomial q is given by

and its roots are AI = i, \2 = — i- Thus a basis is given by X = (x\, x z ) , where

Since
a real basis is given by Y = (yi, 7/2), where

6.3.3

The second-order equation

Since many important equations arising in applications turn out to be secondorder equations with a regular singular point, it is worth summarizing here
what we know about their solutions. Consider an equation of order 2 with a
regular singular point at r = 0,
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where a(i) and b(t) have convergent power scries representations.

The indicial polynomial of (6.66) relative to r = 0 is given by

Let A ] , A 2 be the two roots of q, with Re(Ai) > Re(A2). Corollary 6.3 and
Theorem 6.5 imply the following result.
Theorem 6.9: (i) // AI — \2 is not zero or a positive integer, there is a
basis X = ( x i , X 2 ) for (6.66) of the form

where

and these scries converge for \t\ < p.
(ii) //AI = A-2, there is a basis X = (xi.x^) for (6.66) of the form

where p\ is as in (i). and

the series converging for \t\ < p.
In case (ii) the coefficient p^.o in the series for p% may be zero.
An example illustrating Theorem 6.9 (i) is

which has the origin as a regular singular point. The indicial polynomial q is
given by

with the two roots AI = 0. A2 = —1/2. A calculation shows that

fc=U

will satisfy this equation for \t\ > 0 if and only if

192

Linear Ordinary Differential Equations

This is true if and only if

Thus A = 0 or A = -1/2, and

Letting A = 0, we obtain a solution

and letting A = — 1/2 we obtain the solution

The linear independence of X = (x\, #2) can be verified directly. Suppose there
are constants 01, 02 € C such that for t ^ 0,

Then
for £ 7 ^ 0 , and letting t —> 0 we get 03 = 0, and then a\x\(t) — 0 implies, on
letting t ~> 0, that a\ = 0. Thus X = (3:1,0:2) is a basis for \t\ > 0. The ratio
test shows that the series involved in x\ and x% converge for all t € ~R.
Case (ii) of Theorem 6.9 is illustrated by the Bessel equation of order 0:

The indicial polynomial is

with the root AI = 0 having multiplicity 2. This equation is considered in
detail in the next section.
The remaining case occurs when AI — A2 = m, a positive integer. In this
case, the steps used to prove Theorem 6.5, when applied to (6.66), show that
every solution x of (6.66) has the form

where the qj have power series expansions which converge for |t| < p. Corollary
6.2 implies that there is always a solution x\ of the form given in Theorem
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6.9(i). Thus there is a basis X = (x\,X2~) for (6.66), with x? having the form
given in (6.67). In fact, as we now show, such an x-? must have the form

where P2 is as in Theorem 6.9 (ii), and c is a constant, which could be zero.
Recall the formula for the Wronskian I4"x (Theorem 2.10):

where 0 < £Q < p, 0 < t < p. Now

where the function a is defined on s < p by its convergent series expansion

The right side of (6.68) has the form

where

The function r is denned for }t\ < p and has all derivatives there. Now consider
the left side of (6.68). Since x-\,x-2 have the form

Wx is given by

where

In calculating r\.r^ we have used AI — X? = m.
Since AI , A2 are the roots of the indicial polynomial q,

it follows that —OQ = AI + A2 - 1. Since the expression in (6.69) equals that in
(6.70) we must have
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In fact, r\(t] = 0 for \t\ < p. The form of r\ given in (6.71) shows that it
is analytic at t = 0 with a power scries expansion

which is convergent for \t\ < p. If r\ is riot the zero function, there is a smallest
k such that c^ / 0, so that n(t) = tku\(t), where u\ is analytic at t = 0,
Ui(0) = Cfc ^ 0. Differentiating the relation (6.72) k times, and observing that
tlDl log(i) = (-1) /-1 (/ - 1)!,

/ = 1, 2 , . . . ,

it follows that

Letting t —> +0 we see that all the terms tend to finite limits except the first
one, whose magnitude tends to +00. This gives a contradiction. Therefore
n(t) = 0 for \t\ < p. which implies that q\ satisfies the first-order linear
equation
This is easily solved. Multiplying by tm~i and dividing by iimp\(t), the result
is

Hence qi(t) = ctmpi(t) for \t\ < p, where c is a constant. Putting this into the
expression for x% gives

since \2 + m = \\. The following result is thus demonstrated.
Theorem 6.10: // AI — A2 = rn, a positive integer, there is a basis X =
(x\, £2) for (6.66) of the form
for 0 < \t\ < p. Here

and the series converge for \t\ < p. The constant c may be zero.
Theorems 6.9 and 6.10 give rather precise information about the form that
a basis X = (£1,22) for (6.66) must take. Given any particular second-order
equation, substitution of x\ into (6.66) allows us to compute the series for p-\_.
Then assuming the relevant form for x^ we can substitute it into (6.66) and
determine the series for p%. This will be illustrated with the Bessel equation
of order a in subsequent sections.
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The Bessel equation

One of the most celebrated and thoroughly studied equations is the Bessel
equation of order a.
where a is a complex constant. This equation arises in problems connected
with heat flow and wave motion where there is circular or spherical symmetry
(see [19, pp. 195-207] and [24, pp. 251-261]). Besscl's equation has the form
(6.66) with
Both a and b are analytic at 0, a(0) ^ 0, and the power series describing a and
b are polynomials, which are thus convergent for \t\ < oo. Hence r = 0 is a
regular singular point for (6.73). The indicial polynomial q is given by

whose two roots are AI = a. A2 = —a.
Theorem 6.9 (ii) implies that there is a basis X = (xi.x-z) of (6.73) of th
form
where p\. p% have power series expansions in powers of t which converge for all
t (E 1Z. Let us consider the case a = 0 with t > 0 and compute p\.p2- When
a = 0 the Bessel equation is equivalent to

If

then

so that
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Thus

for t > 0 if and only if c\ = 0 and

This is a recursion relation for the c^. The choice CQ = 1 leads to

and in general

Since c\ = 0 it follows that c^m+i = 0 for m = 1, 2 , . . . ; therefore, x\_ contains
only even powers of t. This function xi, usually denoted JQ, is called the Bessel
function of the first kind of order zero,

For t > 0 the solution x? has the form

where

Differentiation of the series gives

and so
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Since LJ0(t) = 0 it, follows that Lx2(t) = 0 for t > 0 if and only if

Thus
and, since the series for —2J0(t) contains only odd powers of t.

The recursion relation for the other coefficients is

The simplest choice for do is do — 0; and with this choice

It can be shown by induction that

The solution thus obtained, usually denoted by KQ. is called a Bessel function
of the second kind of orde.r zero,

The choice do ^ 0 in the above calculations would give the solution x-2 =
KQ + do JoThe pair of functions X = (,/Q, A'o) is a basis for the Bessel equation (6.73)
when a = 0 for t > 0. The linear independence of X can be easily verified
directly. Suppose that, for some constants c\,C2 € C,

for all t > 0. Letting t -> +0 we see that J 0 (t) -» J 0 (0) = 1. p2(t) -» P2(0) = 0.
and if c-2 / 0 then C2Jo(t)iog(t)\ -+ +00, which is a contradiction. Hence
02 = 0. and then c.\ Jot(l.) = 0 implies ciJo(O) — c\ = 0.
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The Bessel equation, continued

Now consider the Bessel equation of order a, where a ^ 0. If in addition
Re(ct) > 0, then AI = a. A2 = -a are distinct, with Re(Ai) > Re(A2). There
is thus a solution xi of the form

where the series converges for all t € 7£. Let us compute this by considering
the case t > 0. After a short calculation we find that if

then

Therefore c\ = 0 and

or

It follows that
while

and in general

The solution x\ is thus given by

For a = 0, CQ = 1 this reduces to Jo(t).

Singular Points

199

One usually chooses

where F is the gamma function defined by

This function is an extension of the factorial function to numbers z which arc
not integers. This can be seen by showing that F satisfies the equation

and observing that

Thus r(n + 1) = n\ for all nonnegative integers n.
The proof of (6.76) can be obtained by integrating by parts

The relation (6.76) can be used to define F(z) if Rc(z) < 0 provided z is
not a negative integer. Suppose N is the positive integer such that

Then Re(z + N) > 0, and we can define T(z) in terms of T(z + N) by

provided that z / —N + l. The gamma function is not defined for z =
0, —1, — 2 , . . . . but, it is natural to define

since this is the limiting value of l/T(z) at these points. The gamma function
satisfies (6.76) everywhere it is defined.
Let us return to the solution x\ in (6.74). Using the CQ given in (6.75) we
obtain a solution which is called the Bessel function of the first kind of order
a, denoted by Jn. Since
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it follows that

For a = 0 this reduces to the JQ computed earlier.
The determination of a second independent solution for (6.73) falls into
two cases, depending on whether Xi — \2 = 2a is a positive integer or not. If
2a is not a positive integer, Theorem 6.9 (i) guarantees a second solution x<2
of the form

Observe that our calculations for the root AI = a carry over provided a is
replaced by —a everywhere, so that

gives a second solution in case la is not a positive integer.
Since T(m — a + 1) exists for m = 0 , 1 , 2 . . . . , provided a is not a positive
integer, J_a exists in this case, even if AI — A2 = 2a is a positive integer. This
corresponds to the rather special situation in Theorem 6.9 where the constant
c = 0. Therefore, if a is not zero or a positive integer, a basis for the Bessel
equation of order a is given by X — ( J a , J-Q).
The remaining case is when a is a positive integer a = n. Note that in the
formula above for ,/_„ with a = n we have

implying that
According to Theorem 6.9 a second solution x-z exists in the form

for t > 0. By substituting this into the Bessel equation c and the dk can be
computed. The calculation is somewhat tedious and so will be omitted. It
turns out that c and do are related by

Using c = 1 gives a solution which is called a Bessel function of the second kind
of order n, which is denoted by Kn. It is given by the rather lengthy formula
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where ho = 0 and

When n = 0 this formula reduces to the KQ we computed earlier, provided the
first sum from k = 0 to k = n — 1 is interpreted to be zero. A basis for the
Bessel equation of order n is given by X = (J n , Kn).
There are several different Bessel functions of the second kind, each of
which is useful for a particular application. All have the form aJn + bKn for
some constants a, b. One of the most widely used is the function Yn, defined
by

where 7 is the Euler constant given by

Therefore

With this curious choice of a, b to define Yn, for large t > 0. Jn(t) and
Yn(t) are related to each other in a manner which is similar to the relationship
between cos(i) and sin(f). In fact, it can be shown that, for large t > 0,

where jn and yn are functions which are small for large t > 0 in the sense that
there is a constant M > 0 such that

for all t > T for some T > 0.
If a is not an integer the function YQ given by
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is a solution of the Bessel equation of order a, and Ja,Ya is a basis for the
solutions. This expression is not denned if a = n is an integer. However we
can define Yn if n is an integer by

and this limit can be evaluated using 1'Hopital's rule. This leads to

which can be shown to give the expression for Yn in (6.77). In taking these
derivatives with respect to a, use is made of the fact that

which results from the deeper study of the gamma function.
Note that
and

for all o• 6 C, t > 0. For a = n. an integer, this gives

6.4

Infinity as a singular point

It is often necessary to investigate the behavior of solutions to a system

or an equation of order n,

for large values of \t\. One way of doing this is to make the substitution
s = 1/t and to study the solutions of the resulting equation, called the equations
induced by the substitution s — 1/t, near s = 0. We say that oo is a regular
point for (6.78) or (6.79) or a singular point of a given type if the origin is
a regular point or singular point of this type for the corresponding induced
equation.
Consider (6.78) and put
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where X is a solution of (6.78) for \t\ > r for some r > 0. We have

so that Y satisfies the induced equation

for 0 < s < l/r. Now the origin is a regular point for (6.80) if arid only if the
matrix-valued functions BI(S), B 0 (s)/V 2 , can be denned to be continuous on
s < p for some p > 0, and Bi(0) is invertible. Hence oo is a regular point for
(6.78) if and only if Ai(i) and £ 2 Ao(£) tend to limits,

and LI is invertible.
Let us look further at the special case of the equation

where A is continuous for \t\ > r for some r > 0. Thus oc is a regular point
for (6.81) if and only if

This equation has oc as an ordinary point if and only if A has a power series
representation

which is convergent for \t\ > r for some r > 0. Infinity is a singular point of
the first kind for (6.81) if and only if A has an expansion

and it is a singular point of the second kind if and only if A can be written as

where m. is a nonnegative integer and the series converges for |t| > r for some
r > 0.
Therefore, if k is an integer, the only possible singular points for the equation
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are 0 and oc. If k < 0, the origin is an ordinary point and oo is a singular
point of the second kind. If k = 1, both 0 and oo are singular points of the
first kind. If k > 2, the origin is a singular point of the second kind and oo is
an ordinary point.
Now consider a second-order equation of the form

where ao, a\ are continuous complex-valued functions for \t\ > r for some r > 0.
If x is a solution of (6.82) for \t\ > r, we put

and

Thus the induced equation satisfied by y is

The origin is a regular point for (6.83) if and only if the functions 2/s—bi (s)/s 2 ,
bo/s^. can be defined on s < p for some p > 0 so as to be continuous there.
The origin is an ordinary point for (6.83) if and only if these functions can be
defined so as to be analytic at s = 0, and this means that 61, 60 can be written
as

where the series converge for \s\ < p for some p > 0. Hence oc is an ordinary
point for (6.82) if and only if ai,ao have expansions

where these series converge for \t\ > 1 /p.
Infinity is a regular singular point for (6.82) if and only if

and these series converge for \t\ > r for some r > 0. and either CQ ^ 2 or
do^O.
An example is the Euler equation.

Here the only possible singular points are 0 and oo. If a and b are not both
zero, the origin is a regular singular point, whereas if a — 2 and b are not
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both zero, infinity is a regular singular point. Otherwise 0 and oc arc ordinary
points.
A very important equation having at most three singular points is the
hypergeometric equation

where a, /3, 7 G C. The three points 0,1. oc are either ordinary points or regular
singular points, and there are no other possible singular points.
If we let s — ,3t, z(.<>') = x(s/i3) in (6.84), then z satisfies the equation

which has 0. 6, oc as ordinary points or regular singular points. Letting 3 —> oc
we obtain the equation

which has 0 as either an ordinary point or a regular singular point. However
oc is a singular point for (6.85) which is not a regular singular point. The
equation (6.85) is called the confluent hyperyeometric equation.

6.5

Notes

For the study of solutions to classically important equations with singular
points, one would be hard pressed to find a better reference than [27]. Additional material on linear systems with singularities of the second kind can be
found in [3]. For a more extensive treatment, one may consult [26]; [8] also has
interesting material.
The terminology used for classification of singularities of linear equations is
not completely standardized. For instance, [26] uses the terms regular singularpoint and irregular singular point for what we have called singularities of the
first and second kind. In [3] the terminology regular singular point and irregular singular point is used to describe the solutions of the equations, rather
than the coefficients of the equations.

6.6

Exercises

1. Consider the system with a singular point at T = 0,

(a) Show that if X is a solution of (6.86) which exists at r — 0. then
X(Q) — £ has the form £ — £2-^2 f°r some £2 6 C.
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(b) If £2 6 C is arbitrary, show that there is a solution X of (6.86) satisfying

x(o) = 6^2.

2. Consider the system with a singular point at r = 0,

(a) Compute a basis X = (u, v) for (6.87) satisfying X(0) = 12(b) Show that given any £ G C2 there exists a solution X of (6.87) such that
X(Q) = £. Even though r = 0 is a singular point, every initial value problem
at 0 is solvable.
3. Consider the system tX' = A(t)X, with a singular point of the first
kind at r = 0. If X is a solution matrix which exists at t = 0. show that X(0)
is not invcrtible.
4. The system with constant coefficients

has a basis Y(s) = eAs.
(a) Let X(t] = y(log(t)), t > 0. Show that Y satisfies (6.88) if and only if
X satisfies
Hence a basis for (6.89) is

(b) Find a basis for

5. (a) If

show that Y satisfies

if and only if X satisfies

(b) Find a basis X for
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6. (a) Show that a basis for the system Y' — a(t)'BY, where
a €
a( )B
C(I,C).
B € Mn(C), is given by Y(t) = e '- , t 6 /, where a(t) is any
function satisfying a' — a, for example.

(b) Consider the system X' = [a(t)~B + C ( t ) ] X , where a 6 C(LC], B €
Mn(C). C e C(I,Mn(C)). If BC(*) = C(t)B for all / e /, show that a basis is
given by
where Z is a basis for the system Z'
3.3.)
7. (a) If

C(t)Z. (Hint: Use (a) and Theorem

show that

(b) Find a basis for the system

8. Consider the system

(a) For which A f C are there solutions X of (6.90) of the form

(b) For each such A compute a PQ, and in terms of this compute the successive P/t, k = I , 2 . . . . .
(c) The system (6.90), when written out, is

which can be solved directly by first solving the second equation for x^ and
then solving the first equation for x\. Do this and compare your answer with
those of (a), (b).
9. Consider the example which was solved in section 6.2.1.
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(a) Show that by putting X(f) = e^Y^), then X satisfies (6.91) if and
only if Y satisfies Y' = (R/t)Y. Thus Xi(t) = e3i\t\R gives a basis for t ^ 0.
(b) Compute a Jordan canonical form J for R, and find an invertible Q
such that R = QJQ"1.
(c) Compute |tj R arid thereby Xi(£).
10. (a) Find a basis X for the system

where R, A G Mn(C) commute. (Hint: Use exercise 6.)
(b) Find a basis for the system

(Hint: Use (a).)
11. Compute a basis for the system

where A G Mn(C). (Hint: See exercise 11, Chapter 5.)
12. If A = (dij) G Mn(C), show that A and its transpose AT = (ojj) have
the same characteristic polynomial and hence have the same eigenvalues.
13. Show that the converse of Theorem 6.4 is valid; that is, if

has only the trivial solution U = 0, then A and B have no eigenvalue in
common. Proceed as follows. Suppose A is an eigenvalue of A and B. Then
A is an eigenvalue of AT and B (exercise 12), and there are a,/3 G Cn, a ^ 0,
J3 ^ 0 such that ATa = Aa, B/? = A/3. If U = f3aT G M n (C), show that U + 0
and UA - BU = 0.
14. Given A,B G Mn(C) the function

is linear. Show that v is an eigenvalue of / if and only if v = A — fj,, where A
is an eigenvalue of A, and p, is an eigenvalue of B. (Hint: Use exercise 13 and
Theorem 6.4.)
15. Consider the equation

where
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(a) Show that (6.92) has singular points of the first kind at TI = 0 and at
T'2 = 1-

(b) Compute the eigenvalues of R and S.
(c) Compute a Jordan canonical form J for R, and a matrix Q such that
R = QJQ~ 1 .
(d) Putting X = QY show that X satisfies (6.92) if and only if Y satisfies

where K = QSQ"1. Compute K.
(e) Find a basis Y for (6.93) for 0 < t < 1, and then compute a basis X
for (6.94) for 0 < t < I . (Hint: X = QY.)
(f) Show that X-i(t) = |f| R |i - 1s is a basis for (6.92) on any interval not
containing 0 or 1. Compute X]. (Hint: Note that RS = SR.)
16. The example in section 6.2.4 can be written as

for t > 0. Solve this system directly. (Hint: Find x% from the second equation,
and then solve for x\.)
f 7. Let x satisfy the equation

where

arid the series converge for |/;| < p, p > 0. Let

(a) Show that Z ~ x satisfies the equation

and, conversely, if

satisfies (6.95) then Z = z, where x satisfies (6.94).
(b) Show that (6.95) can be written as
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where

where the latter series converges for t < p.
18. Find a basis for the solutions of the following equations for t > 0:

(Hint: See exercise 17.)
19. Find the singular points of the following equations, and determine those
which are regular singular points:

20. Compute the indicial polynomials relative to r = 0 and their roots for
the following equations:
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21. (a) Show that —I and 1 are regular singular points for the Legendre
equation
(b) Find the indicia! polynomial and its roots corresponding to the point
T = 1.
22. Find all solutions of the following equations for t > 0:

23. Find all solutions of the following equations for \t\ > 0:

24. Consider the Euler equation

(a) Show that x satisfies (6.97) if and only if y = x ( e t ) satisfies

(b) Compute the characteristic polynomial p for (6.98) and the iridicial
polynomial q for (6.97). How do these compare?
(c) Show that x(i} = y(log(t)).
25. Let L be the Euler differential operator

where OQ, . . ., o Ti -i € C, and let q be the indicial polynomial of the equation
Lx = 0.
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(a) If r E C is such that q(r) ^ 0. show that the equation

has a solution x of the form x(t) = ctr, and compute c 6 C. (Hint: Let
L(ctr)=c q ( r ) f . )
(b) Suppose r is a root of q of multiplicity k. Show that (6.99) has a
solution x of the form x(t) = ctr [log(t)]k. and compute c £ C.
(c) Find all solutions of

26. Find a basis X = (u, v) for the following equations for t > 0:

27. Find all solutions of the form

for the following equations:

28. Consider the following four equations near T = 0:

(a) Compute the roots A i , A 2 (Re(Ai > Re(A2))) of the indicial polynomial
for each relative io T = 0.
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(b) Describe (do not compute) the nature of a basis X near r = 0. In the
case of AI = A-2 determine the first nonzero coefficient in p^t) (in the terminology of Theorem 6.9 (ii)), and when AI — A2 is a positive integer, determine
whether c = 0 or not (in the terminology of Theorem 6.10).
29. Consider the Legendre equation

(a) For which A € C will there exist solutions x of the form

(b) Find a solution x of the form given in (a) as follows. Note that t =
(t - 1) + 1, and express the coefficients in powers of t — 1. Show that the pk
satisfy the recursion relation

(c) For what values of t does the series found in (b) converge?
(d) Show that there is a polynomial solution if a = re, a nonnegative integer.
30. The equation
is called the Laguerre equation.
(a) Show that r = 0 is a regular singular point for this equation.
(b) Compute the indicia! polynomial relative to r = 0 and find its roots.
(c) Find a solution x of the form

(Hint: Show that the p^ satisfy the recursion relation

(d) For what values of t does the series found in (c) converge?
(e) Show the there is a polynomial solution of degree n if a. = n, a nonnegative integer.
31. Let Ln, for re = 0,1, 2 , . . . , be defined by

(a) Show that Ln is a polynomial of degree n given explicitly by
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This polynomial is called the nth Laguerre polynomial.
(b) Verify that the first five Laguerre polynomials are given by

(c) Show that Ln satisfies the Laguerre equation of exercise 30 if a = n.
32. The Mathieu equation is given by

(a) Let s = cos(2t) and y(cos(2t)) = x(t] or

Show that y satisfies the equation

(b) Show that 1 and — 1 are regular singular points for (6.100), and compute
the roots of the indicial polynomials relative to 1 and — 1.
33. Using the ratio test, show that the series defining Jo and KQ converge
for all t <E K.
34. Show that x satisfies the Bessel equation of order 0.

if and only if
satisfies the equation

35. (a) If A > 0 is such that J 0 (A) = 0, show that Jp(A) ^ 0. (Hint: Apply
the uniqueness result with initial conditions at r = A.)
(b) Show that on each finite interval [0. b], b > 0, there are at most a finite
number of zeros of JQ. (Hint: Show that there would be some point A € [0, b]
such that JQ(A) = 0 = Jg(A) if there were infinitely many zeros on [0, b].)
36. Since Jo(0) = 1 and JQ is continuous, Jo(i) ^ 0 in some interval
0 < t < a, for some a > 0. Let 0 < T < a.
(a) Show that there is a second solution y of the Bessel equation of order
0 of the form

(b) Show that Jo, y are linearly independent on 0 < t < a.
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37. Show that if x is any solution of the Bessel equation of order 0, then
y = x1 is a solution of the Bessel equation of order 1.
38. (a) If A > 0 and x x ( t ] = t 1 / 2 J 0 (At), show that

(b) If A, IJL are positive constants, show that

(Hint: Multiply (6.100) by x^, and multiply

by x\, and subtract to obtain

(c) If A 7^ // and Jo (A) = 0, Jo(/-0 = 0, show that

39. (a) Show that the series defining JQ, J_a converge for all t G 7£.
(b) Show that the infinite series involved in the definition of Kn converges
for all t <E U.
40. Show that x satisfies the Bessel equation of order a,

if and only if
satisfies

41. Show that

(Hint: See exercise 40. It can be shown that F(l/2) = \/7r.)
42. Show that x satisfies the Bessel equation of order 1/3,
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if and only if
satisfies
which is one version of the Airy equation. Thus a basis for the latter equation
is given by Y, where

43. (a) Show that x satisfies the Bessel equation of order a,

if and only if
satisfies the equation

Here r, s, A e Ti are such that s ^ 0. A ^ 0.
(b) Show that in the case of r = 1/2, s = (p + 2)/2, a = l / ( p + 2),
A = 2/{p + 2), the equation (6.101) reduces to

if p ^ --2. Thus a basis for this equation consists of Bessel functions.

(c) Solve equation (6.102) when p = —2.
44. For a fixed, a > 0, and A > 0, let xx(t) = t 1/2 J a (Ai)- Show that x\
satisfies the equation

45. Use exercise 44 to show that

If A.n are positive, show that

where x\ is as in exercise 44.
46. If a > 0, and A. ^ are positive zeroes ofJ

Singular Points

217

if A ^ //. (Hint: See exercise 45.)
47. (a) Use the formula for Ja(t] to show that

(b) Show that
48. Show that
and

(Hint: Use exercise 47.)
49. (a) Show that between any two positive zeros of Ja there is a zero of
JQ+I. (Hint: Use exercise 47(b) and Rolle's theorem.)
(b) Show that between any two positive zeros of J a +i there is a zero of Jn.
(Hint: Use exercise 47(a) and Rolle's theorem.)
50. (a) Let R! / O.R2 / 0 £ AI,,(C), and suppose r\,r^ are distinct real
numbers. Show that the system

has TI , T~2 as singular points of the first kind and all other T £ 'R- as ordinary
points.
(b) Show that oc is a singular point of the first kind if R] + R2 / 0 and
an ordinary point if RI 4- R2 = 0.
(c) Consider the system

where the r^ are distinct real numbers and the R^ are nonzero matrices. R/,: G
Mn(C). Showr that TI . . . . . rp are singular points of the first kind, and all other
T G "R, are ordinary points. Show that oo is a singular point of the first kind
or an ordinary point according to RI + • • • + Rp ^ 0 or R] \- • • • + Rp = 0.
51. Consider the Legendre equation of order a,

(a) Show that oc is an ordinary point if a.(a + 1) = 0.
(b) Show that oc is an regular singular point if a(a + 1) / 0.
(c) Compute the equation induced by the substitution t — l/,s. and compute the indicial polynomial, and its roots, of this equation relative to ,s = 0.
52. Find two linearly independent solutions of
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having the form

valid for \t\ > 1. (Hint: See exercise 51 with a — 1.)
53. (a) Show that x satisfies the Legendre equation of order p,

if and only if y ( t ) = x(2t — 1) satisfies the equation

(b) Verify that (6.105) is a hypergeometric equation (6.84) with

54. Classify oo as an ordinary point, a regular singular point, or a singular
point which is not regular for the following equations:

55. (a) Compute the indicial polynomial relative to the origin for the
hypergeometric equation (6.84).
(b) If 7 is not zero or a negative integer, show that x given by x ( t ) =
F(a,/?,7; t), where F is the hypergeome.tric series

and

satisfies (6.84).
(c) Show that the hypergeometric series is convergent for \t\ < 1.
(d) Show that if 7 + 2,3,...,
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satisfies the hypergeometric equation for \t\ < 1.
(e) Show that if 7 is not an integer, then X = ( x , y ) , where x is given in
(b), y in (d). is a basis for the hypergeometric equation for \t\ < I .
(f) Verify that
(Thus the hypergeometric series reduces to the geometric scries in this special
case.)
(g) Verify that
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Chapter 7

Existence and Uniqueness
7.1

Introduction

The main result of this chapter is a proof of the existence and uniqueness of
solutions to initial value problems for linear systems

Here / is a real interval, A e C(I. A/,,,(^")), and B 6 C(I, JF"), where T is either
C or Ti. The point r e / is called an initial point and the condition X(T) = £ is
called an initial condition. A solution of (IVP) is a differentiable function X ( t )
on / which satisfies the differential equation and the initial condition: that is,

If X ( t ) is a solution of (IVP), then integration of (7.1) and the initial
condition yield

Conversely, ifX e C(I, .T1"")and satisfies (7.2), then the integrandAX +B
is continuous on /, so we can differentiate arid obtain (7.1). Putting t = r in
(7.2) shows that X(T) = £. Thus X ( t ) is a solution of (IVP) if and only if
X € C(I,Tn]and satisfies the integral equation (7.2).
The right-hand side of the equality in (7.2) can be considered a rule for
mapping one continuous function to another. For each Y £ C(I.fn)define
TY to be that continuous (actually differentiable) function given by

T is a function which associates another function TY £ C(I, J:n) with each
Y £ C(I,Fn). To distinguish between the function T and the elements in its
221
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domain which are vector-valued functions, T is often called a transformation
or an operator from C(/, J~n] into (7(7, /"n). In these terms, a solution of (7.2)
is an X £ C(I, Tn] satisfying

or simply X — TX, Such an X is called a fixed point of T in (7(/, ^rn).
As a simple example when n = 1, F — 7?., consider the problem

In this case the integral equation (7.2) becomes

the operator T is given by

and a solution of (7.4) is an x E C(R,, TV) such that Tx = x. The differential
equation (7.4) can be solved explicitly to yield

For this example it is easy to verify that

The existence and uniqueness problem for (IVP] has thus been reduced to
showing that the integral operator T given by (7.3) has a unique fixed point
X 6 C(I,J-n}.The question now is how to demonstrate the existence of
such a fixed point or, better yet, to give a method for constructing the fixed
point. The following example illustrates the general method, which is known
as successive approximations.
A simple example involving a system of differential equations is

where A G Mn(f]and £ <ETn'Thentegraequationinow
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We try to construct a sequence of approximations{
function X ( t ) .
For the first approximation, try Xo(t) = £. Putting this into the right-hand
side of (7.6) produces

Now take this result and define it to he X i ( t ) . Thus

For the next approximation in our sequence, X \ ( t ) is inserted into the righthand side of (7.6), giving

This procedure is beginning to show some promise. In general, define

Then for any m = 0,1. 2 . . . . .

As m increases

which is the solution of (7.5).

7.2

Convergence of successive approximations

The construction of a sequence by using an iteration scheme of the form

will often produce a sequence converging to a fixed point of T. Before examining this idea for the general integral equation (7.2), it helps to understand a
bit about the convergence of a sequence of continuous functions. We begin by
reviewing some of the material developed in section 5.2.
Suppose that / is a compact interval, and that X ( t ) € 0(1,3-™). The size
of X ( t ) is measured by
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Since the interval is compact and the function continuous, the maximum will
exist. The distance between two functions is given by

With this distance function (7(7, Fn] is a metric space, and the usual ideas
of convergence can be discussed. The sequence {Xm(t}} converges to X(t) if
for any e > 0 there is an N(e) such that m > N(c) implies d(Xm,X) < e, or
equivalently that \\Xm — X^ < e. A sequence {Xm} is a Cauchy sequence
in C f (/, J-n) if for every e > 0 there is an N(e) such that k, m > N(e) implies
d ( X k , < e, or equivalentl\\Xk(t) -Xm(t]\ ^ < e.

Figure 7.1: Functions satisfying f— / oo < e.
Consider for the moment the case in which {xm(t}} is a sequence of continuous scalar-valued functions, xm G C(I,F}. In this case the convergence
just discussed is called uniform convergence. We say the sequence {xm(t}}
convergesuniformlytox(t)6(I^}if for any e > 0 there is anN(e)such
that m > N(e) m(t) — x(t]\ < e for all t e / (see Figure 7.1). Aimpliesx
sequence {xm} is a Cauchy sequence in 0(1,?} if for every e > 0 there is an
N(e) such that fc,m > N implies Xk(t] — xm(i}\ < c for all t G /.
The notion of uniform convergence should be contrasted with the weaker
pointwise convergence. The sequence {xm} is said to converge pointwise to x(t)
(which may or may not be continuous) if for any to E / and any e > 0 there
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is an N(c,to) such that m > N(c,to) implies xm(to) - x(to)\ < e. As exercise
5 demonstrates, every uniformly convergent sequence converges pointwise. but
the converse is generally false.
Recall that a Banach space is a vector space V with a norm, with the
property t h a t every Ca.uchy sequence in V converges to an element of V. The
next result asserts that C ( I , J - ) with the norm || H^ is a Banach space.
Theorem 7.1: If I = [a,b] C "R. is compact, then a Cauchy sequence
•i'm(t) £ C(/,^ r ) converges uniformly to a continuous function x ( t ) e C(I,F}.
Proof: Let x^ € C(I, J7), k = 0. 1, 2 , . . . , be a Cauchy sequence. Given any
f > 0 there is an N such that

Hence
for all I € /. This implies that { x ^ ( t } } is a Cauchy sequence in J- for each
t 6 I. Since T is complete, for each t € I there is an x ( i ) & T such that
J'l(t) —> x ( t ) as I -^ oc. This defines a function x ( t ) . Letting / —> oo in (7.7)
we see that
and hence

It remains to show that .r is continuous at each c. 6 /. Given any e > 0
there is an A'i such that

Let k be fixed and satisfy k > N\. The function Xkis continuous atc. Thus,
for the given ( > 0 there is a d > 0 such that

A typical application of the triangle inequality now shows that

so that x is continuous at c
Corollary 7.2: If I = (aj>} C U is compact, then C(I,Mmn(F))
norm \\ \\,x yivt'ii by

with the
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is a Banach space. In particular, C(I,J-"n) with the norm \\ H^ given by

is a Banach space.
Proof: If A = (atj) G C(7, Af mn (^)), then

and this implies that

If A^ = (a^fc), A; — 0,1, 2 , . . . , is a Cauchy sequence in (7(7, Mmn(J-)), then
Afc — A/1 oo —* 0 as fc, / —> oo. The inequality

shows that a^ — a^/ Cc —> 0 as A;, / —>• oo for each z, j, and hence {flzj,/c} is
a Cauchy sequence in (7(7,-F). Theorem 7.1 implies there is an a^ e (7(7, F)
such that for each z,ji,

If A = (oij) e C(/,M mn (^)), then

Returning to the initial value problem

the case where 7 is compact is considered first.
Theorem 7.3: 7/7 == [a, b] is a compact interval and A G (7(7, Mn(.F)),
5 G (7(7, Tn\ then (IVP] has a unique solution X on I for every r G I,
£G.F n .
Proof: X(t] is a solution of (IVP) if and only if X G (7(7, J^n) and satisfies
(7.2):

The treatment of the example (7.5) is used as a model. Define
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and for m > 0 define

There are four main steps in the proof. First we will establish an estimate
for \Xm+i(t) — Xrn(t)\. The second step will be to show that this estimate
implies that {Xm(t)} is a Cauchy sequence of continuous functions, which has
a continuous limit X ( t ) by Corollary 7.2. The third step will be to check that
X ( t ) satisfies the integral equation (7.2), and the final step is to demonstrate
that X ( t ) is the unique continuous solution of (7.2).
Subtraction of consecutive terms gives

and for any m > 0

Since the matrix norm
inequality

is submultiplicative (inequality (5.7)), we have the

or

An application of the same idea for any m > 0 gives us

An induction argument can be used to show that for all m > 0 the inequality

is valid. The case m = 0 is already established, as is the general estimate

If the hypothesis (7.8) holds for m < k, then the hypothesized estimate may
be applied under the integral, yielding
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This establishes the desired inequality, completing step one.
The next step is to show that the sequence Xm(t) is a Cauchy sequence.
Suppose that k < m and let / = [a, b}. To establish the desired inequality, note
that

This last sum is part of the Taylor series for exp^A]]^^ — T}}. Since this
Taylor series converges, we can make \\Xm — Xk\\<x, less than any e > 0 by
taking k sufficiently large. This shows that the sequence {Xm(t}} is a Cauchy
sequence, which by Corollary 7.2 converges to a continuous function X(t).
The third step is to show that X ( t ) satisfies the equation

We have

Now

Since Xm(s) — X ( s ) converges uniformly to 0 and

it follows that

and X satisfies (7.2).
The final point is that this solution is unique. If X ( t ) arid Y(t) both
satisfied the integral equation (7.2), then subtraction would yield

In particular, X ( T ) — Y(T] = 0. Suppose there is a point t\ > -r where
X ( * i ) - y ( t i j ^0. Letting
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we have X(a) - Y(a) = 0, but X(t) - Y(i) / 0 for a < t < ti, Notice too that

so that

Let || Jloc.j denote the sup norm on J = [cr, <TI] C 7,

Taking norms of both sides of (7.9), we get the inequality

If the length of J is positive but sufficiently small, then

On such an interval ,7,

which implies that
This contradiction establishes that X(ti] — Y ( t ± ) = 0 for all ti > r G I. A
similar argument applies for t-\_ < T. D
An alternative proof of the uniqueness of solutions to (7.2) may be based
on Gronwall's inequality (see exercise 6(b)).
The existence and uniqueness theorem is next extended to an arbitrary real
interval, which may be infinite in length.
Theorem 7.4 (existence and uniqueness theorem for linear systems): Let I be any real, interval and suppose that A G C(I,Mn(J:")), B G
C(I.J-n). Given any r G 7. £ G Tn, there exists a unique solution. X of (IV P)
on I.
Proof: Given any t € 7 let J = [c, d] be any compact subinterval of / such
that T, t G J. By Theorem 7.3 there is a unique differentiable Xj on ,7 such
that
Define X(t) = Xj(t). If we choose any other Jj = [ci,c-2J C / such that
T. t G J\. then J\ fl .7 is a compact interval containing r, t, and the uniqueness
result applied to this interval implies that X1(s) = Xj(s), s G J\ n J. Inj
particular X,/, (t) = Xj(t), so that our definition of X(t) is independent of the
J chosen. Since X is differentiable on 7 and satisfies
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it is a solution of (IVP) on /. It is unique, for if Y is also a solution on /. then
for any t e / there is a compact interval J containing T, t, and the uniqueness
result for J implies that X(t] = Y(t).
Before continuing the theoretical development, we look at another example.
Consider the problem where n = 1:

The corresponding integral equation is

If xo(t) = 1, then

Thus

and an induction shows that

We recognize xm(i) as a partial sum for the series expansion of the function

This series converges to x(t) for all t € 72., arid the function x(t) is the solution
of the problem.
Taking a second look at the method of proof for Theorem 7.3, it is not
difficult to see that any choice of the initial continuous function Xo(t) will
result in the same solution X ( t ) . Indeed the same basic inequality would hold

The only distinction arises because of the initial difference Xi(t] - Xo(t). The
estimate resulting from the induction argument then becomes
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The rest of the argument proceeds as before, yielding the unique solution X ( t )
of (7.2).
If (IV P] is considered on any interval /, it is also possible to estimate the
distance between Xm(t) and X ( t ) on any compact subinterval J = [a.b] C /
containing r. For all k > in.

and, using the triangle inequality and taking the limit as k —> oo, (7.10) implies
that

Of course this last series is again the tail of the series for exp(||A|j oc ..j[6 — T\).
Thus (7.11) implies that Xm —> X in the sup norm on each J. We summarize in the following theorem.
Theorem 7.5: Define successive approximations by

where X0 £ C(LFn] is arbitrary. If X(t) is the solution of(IVP) on I. then
Xm —> X uniformly,

on each compact interval ,7 C / containing T.

7.3

Continuity of solutions

Returning to the situation in Theorem 7.3. where / = [a.b] is a compact
interval, the solution X ( t ) of the initial value problem

evidently depends on T € /, £ e Tn, A e C(I,Mn(F}}, and B € C(I.F').
The main result of this section asserts that for any t e /, the value X ( t ) is a
continuous function of these variables. The analysis of this dependence begins
with an estimate for H-XII^ which is derived using the method of proof for
Theorem 7.3.
It is convenient to begin the successive approximations with
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The solution
then satisfies the estimate

The inequality (7.8) can now be applied, giving

Since

the desired estimate for ||-X"||oc is

The simple estimate (7.12) can be used to show that X is jointly continuous
in all these variables. Thus a small change in t, A, B, T, £ will produce a small
change in X. If we denote the solution of (IVP) at t by X(t, A. B, T, £), then
Theorem 7.6 gives a precise meaning to the statement that

as

that is, X is continuous at (t.A.B.r,^').
Theorem 7.6: Let I be a compact interval, A. C e C(I, Mn(jF}), B.D e
C(I, Fn). T,a £ I, £,77 G Tn. Suppose X is the solution of

Given any t € I and e > 0, there exists a 6 > 0 such that if Y is the solution
of
and
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then
Proof: Subtracting the equations for X(t) and Y(t) gives

Thus if Z = Y - X then Z satisfies the initial value problem

where
We may apply the estimate (7.12) to Z and obtain

Let f > 0 be given. First observe that

Since X is continuous at t, given any f > 0 there is a <*>i > 0 such that simplies
Also
Since X is continuous at T. given any e > 0 there is a 6-2 > 0 such that

implies
Finally, since
there is a 6-1 such that

implies
Now choose b> 0 so that b = min(6[. 8%, 63). Then if (7.13) is valid for this 6,
(7.14) follows from (7.15)-(7.19). D
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More general linear equations

The initial value problem

was solved by using the equivalent integral equation

Now this equation (7.20) makes sense for A and B which may be discontinuous, and it is often necessary to consider such functions in practice. Then a
continuous X satisfying (7.20) would satisfy (IV P) at those t where A, B are
continuous.
An important instance of this situation is when A and B are piecewise
continuous on a compact interval / = [a.b]. This means that A, B are continuous on / except possibly at a finite number of points t ] , . . . , tp, where they
may have simple discontinuities. Thus they have left and right limits at tj if
a < tj < b, right limits at a, and left limits at b. That is, if a < tj < b there

exist Lt, L~ € Mn(F), and /t,/7 e JF" such that

We also write

Let PC(I,Mn(F}} denote the set of all piecewise continuous A : / —>
Mn(jF), and let PC(I,Fn] be the set of piecewise continuous B : I -> JF71. It
is clear that

All piecewise continuous A, B are bounded on /,

Such A and B are integrable and the integral equation (7.20) makes sense for
any X e C(I,Fn). Of course, if X £ C(I^1) satisfies (7.20) in this case,
then X(T) — £, and

for t 6 I \ {ti,... ,p}. In case A e PC(I,Mn(f)), B e PC(I,Fn], we aret
thus motivated to define a solution X of (IVP) to be any X € C(I, JT") which
satisfies (7.20).

Existence and Uniqueness

235

Since for X € 0(1,^")

it is clear that TX e C(I,Jrn). Then the argument in the proof of Theorem
7.3 can be applied to this new situation, producing a slight generalization.
Theorem 7.7: /// = [a. b] is a compact interval and A e PC(I, M n (T)),
B € PC^.F'1}. then the integral equation (7.20) has a unique solution X €
C(L Fn}. and this sati.KJi.es X(T) = £. Moreover

at those t G / where A, B are continuous.
A simple example when n = 1 is

where b is a step function with a unit jump at t = 1,

The relevant integral equation is

so that

The usual variation of parameters formula can be used to solve this problem,

yielding

Note that x is indeed continuous at t = 1 but that x' is discontinuous there,
since
so that x' has a unit jump at t = 1,
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It / is any interval, say that a matrix-valued function A : / —> Mmn(jF) is
piecewise continuous on / if A e PC(J. Mrnn(F)) for every compact subinterval ,7 = [c,d] C I, and denote the set of all such A as PC(/,M mn (J")). The
proof of Theorem 7.4 carries over to give the following result.
Theorem 7.8: Let I be any real interval and suppose A e PC (I, n(F)),M
B € PC(LFn}. Given any T € /, £ € J"™, i/iere exists a unique solution
X G C(I, jFn) of the integral equation (7.20) on I and this satisfies X(T) = £
and
at those t g / where A, B are continuous.
Since the solution of the integral equation (7.20) is obtained as the limit of
successive approximations, the estimate given in Theorem 7.3 is valid for the
more general case considered in Theorem 7.7. Moreover, the result of Theorem
7.6 also carries over to this case, so that the solution X is a continuous function
o f t , A, B, T, £.

7.5

Estimates for second-order equations

The idea of recasting a differential equation as an integral equation can often be
used to extract information about the solutions of the differential equation. In
order to make explicit use of special features of a class of differential equations,
the form of the integral equation may be somewhat different from that obtained
by integration of first-order linear systems. This idea may be applied to the
second-order scalar equations with parameter A,

This equation arises in a variety of problems in physics.
If the function p(t) vanishes for t > T, then for large t the solution of the
initial value problem will be a function of the form

It is reasonable to expect that if p(t) exhibits sufficiently rapid decay as t —> oo,
then the solution of the initial value problem will "look like" one of the solutions
(7.22). The problem is to make this idea precise.
For the moment we focus on the nonhomogeneous equation

Since the homogeneous equation

has a basis of solutions
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satisfying

the variation of parameters method, specialized to second-order scalar equations as in Chapter 2. exercise 25, gives the following formula for x(i):

Applying the trigonometric identity

the formula for x(t) assumes the simpler appearance

Two ideas now come into play. The first idea is to use (7.24) to obtain
an integral equation for the solution of (7.21). Formally, the solution x(f) of
(7.21) should satisfy

One can check by differentiation that if x(t) satisfies (7.25), then x(t) satisfies
the initial value problem (7.21). What, needs to be shown is that there is a
solution to this integral equation.
Theorem 7.9: lj p(t) is continuous, then the inleo'ml equation (7.25) has a,
unique continuous solution satisfying (7.21). For fixed a, b. the, solution x(t. A)
'is bounded in <my nei of the fonn

Proof: We sketch the ideas of the proof, which are much the same as the
arguments for Theorem 7.3. The remaining details are left as an exercise.
First, set up the iteration scheme

and. for m > 0.
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Observe that for m > I

Let P(t) = maxA.<t |p(*')l- By induction we establish the inequalities

Thus for k < m,

This is again a portion of the convergent scries for exp(P(t)t/^/X). It follows
that xm(t) is a Canchy sequence and hence converges uniformly on any compact interval to a continuous function z(£), which is a solution of the integral
equation (7.23).
Suppose that T > 0 and AQ > 0. Since x(t, A) = limx m (f), the estimates
above yield

which establishes the bound on |x(t, A)|. D
So far no serious constraints have been imposed on p(i), but it should be
"small" for large t if x ( t ) is to look like a trigonometric function. The smallness
is part of the second idea. The representation (7.24) is awkward if we wantto know about the behavior of the solution x(t) for large values of t. At least
formally,

Moreover, after unwinding sin(vA[£ — s]) with the trigonometric identity (7.23),
we see that formally
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This suggests rewriting (7.24) as

There are two problems with this idea so far, both connected to the existence of the integral

The first problem is that nothing has been said about the growth of p ( t ) , and
the second is that the growth of x ( t ) is not well understood. Let's try to take
care of both at once.
Theorem 7.10: Suppose that p(t) is continuous and

Then the solution x ( t ) of (7.21) can be written in the form

where E(t) —>• 0 as t —> oc. In particular, every solution x ( t ) is bounded for all
t > 0.
Proof: Following the previous pattern, an iteration scheme is set up, this
time with

and

The critical estimate again comes from

Looking for an induction hypothesis we evaluate

Now for each fixed A > 0. the function XQ(S) is bounded, satisfying
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Thus
Let

By assumption K(t) —> 0 as t —> oo. In particular for T large enough

The induction hypothesis

is now easily verified. The estimate

implies that the sequence xm(t) converges uniformly to a continuous function
x ( t ) as long as t > T.
The calculation needed to show that x(i) satisfies the equation (7.21) for
t > T is left as an exercise. But what happens for t < T? The answer is
that nothing unusual happens. Suppose we select two linearly independent
solutions x(t).y(t) of (7.24) by taking A = 1, B = 0 for x(t) and A = 0,B = I
for y ( t ) . These solutions are still linearly independent on the interval [T, T+l].
But there are two solutions satisfying some initial conditions at t = 0 which
agree with these solutions on [T, T + 1]. It follows that any solution of the
initial value problem (7.21) can be represented as a solution of (7.26). D

7.6

Notes

A brief discussion of the history of existence theorems for ordinary differential
equations can be found in [12, pp. 717-721].
The ideas introduced in section 7.5 appear in a variety of contexts. A
number of applications may be found in [3, e.g., p. 92 (Theorem 8.1)] and
various exercises at the end of Chapter 3, as well as p. 255 (exercise 4) [3].
Similar methods for equations with analytic coefficients are used in [8, section
5.6].

7.7

Exercises

1. Treat the initial value problem
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with the successive approximation scheme, computing the first four iterates
explicitly. Try the distinct initial functions: (i) xo(t) = 1, (ii) xo(t) = t.
2. Consider the equation

Following the treatment of equation (7.5). compute the first few successive
approximations explicitly.
3. Build a sequence of continuous functions {n(t)} which converge point-f
wise on / = [—1,1] to the discontinuous function

4. Prove that the sequence of functions n(x) = x + x2 sin(n2x)/n convergesf
uniformly to f(x) = x on the interval / = [0.1].
5. Prove that if the sequence of functions n(t) converges uniformly to /(t),f
then fn(t) converges pointwise to f ( t ) . Give an example that shows that the
converse is generally false.
6. The following inequalities are variations on a theme. They can be used
to give bounds on the growth of solutions to differential equations which have
been recast as integral equations. Parts (b) and (c) arc usually referred to
as Gronwall's inequality. Throughout the exercise v(t),u(t) are continuous
real-valued functions.
(a) Suppose that v(t) > 0 is continuously differeiitiable. Show that if

then
(Hint: What is [log(v(t))]' ?)
(b) Suppose that v(t) is continuous, that C € n, and that C. u(t), v(t) > 0.
Show that

(Hint: Define

and show that r'(t) < u(t)r(t).)
(c) Suppose that v(t).w(t) are continuous and that u(t) > 0. Show that
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implies

(Hint: Define

what can be said about r' — u(t)r?)
7. Use Gronwall's inequality to give an alternate proof of uniqueness in
Theorem 7.3.
8. Suppose that we have an initial value problem of the form

(a) Show that the equation can be rewritten as

(b) Show that the equivalent integral equation is

(c) This integral equation implies that the solution X(t) satisfies the inequality

Use Gronwall's inequality to show that if

then
(d) Try to generalize this result.
9. Let V be a metric space with the metric d. Recall that V is said to be
complete if every Cauchy sequence {x/t}, x^ € V, k e Z+ has a limit x 6 V.
A function / : V —> V is said to be a contraction if there exists a constant K,
0 < K < 1, such that

A point x € V is said to be a fixed point of / if /(x) = x.
(a) With the hypotheses of Theorem 7.3, show that if the length of / is
sufficiently small, then the transformation
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is a contraction on C(I,Fn} with the metric, d(X(t), Y(t)} = \\X - YIXJ.\\
(b) Prove that
if V in a nonempty complete metric apace and f : V —> V is a contraction,
then f has a unique fixed point x =- f(x).

(Hint: Starting with any point XQ € V, define a sequence of iterates. Show
that the sequence converges by estimating ^ m d ( x m , ; r m _ i ) . )
fO. Suppose that

(a) Find the solution of the initial value problem

(b) Find the solution of the initial value problem

(c) Consider the initial value problem

where b(t) is piecewise continuous on /. Show that the solution x(t) has a
continuous derivative on / and a second derivative satisfying the equation
wherever b(t] is continuous.
11. Verify that the equation

satisfies the hypotheses of Theorem 7.10. Verify that the functions

give a basis for (7.27). Express the values of the coefficients A(X'). B(\) in the
statement of Theorem 7.10 in terms of the initial data :r(0). .r;(0) of a solution
to (7.27).
12. Fill in the missing details in the proof of Theorem 7.9, including the
reason why the solution is unique.
13. At the end of the proof of Theorem 7.10 the solution x(t) of (7.26),
which existed for t > T. was extended to all t > 0 using a solution of the
equation (7.21) on the interval [O.T + 1]. Show that this extended function
satisfies (7.26) on [0. oc) and that it satisfies the equation (7.21) for t > 0.
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Chapter 8

Eigenvalue Problems
8.1

Introduction

The problems studied so far have concerned the existence, uniqueness, and
properties of solutions to differential equations satisfying a condition at one
point, the initial point. This chapter introduces boundary value problems, in
which solutions of differential equations are subject to restrictions at both
endpoints of an interval. These problems are introduced with a brief look at
the classical physical problem of heat conduction.
Consider a uniform rod of length I, and let u(x,t) denote the temperature
of a cross section of the rod at position x, 0 < x < I, and time t > 0. Suppose
that initially the temperature at position x has the value f ( x ) . The ends of the
rod are held at temperature 0 for all t > 0. The evolution of the temperature
function is typically modeled with a partial differential equation

called, naturally, the heat equation. Here k is a positive constant called the
diffusivity, which depends on the material in the rod. The problem is to determine the temperature u ( x , t ) for all 0 < x < I and t > 0. The desired solution
u satisfies the following initial-boundary value problem:

Solutions for this partial differential equation can be found with the method
of separation of variables, which involves searching for solutions of the form
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where v is a function of x alone and w is a function of t alone. Focusing on
•the boundary conditions and ignoring for the moment the temperature at time
t = 0, insert u(x,t) = v(x)w(t) into the differential equation

This process yields

Wherever u is not 0 we can divide by u = vw to obtain

The left side of the equality is a constant function of x, whereas the right side
is a constant function of t, so that

where A is a constant. Thus v and w satisfy ordinary differential equations

The boundary conditions for u result in

Since the trivial solution u(x,t) = 0. 0 < x < I, t > 0, of (8.1) is not very
interesting, assume that w(t) / 0 for some t > 0. Then (8.3) implies that
i'(0) = v(l) = 0, and v satisfies the following boundary value problem:

For most choices of the constant A, (BVP) has only the trivial solution.
For example, if A = 0 all solutions of v" = 0 are given by

where ci,C2 are constants; the boundary conditions imply that

A value of A for which (BVP) has a nontrivial solution is called an eigenvalue
for (BVP). A nontrivial solution v of (BVP) for an eigenvalue A is called an
eigenfunction of (BVP) for A. Thus (BVP) can be viewed as the problem
of computing all the admissible values of A, the eigenvalues, and their corresponding eigenfunctions. For this reason the boundary value problem (BVP)
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containing the parameter A is often called an eigenvalue problem (EVP). In this
particular case, (BVP) is so simple that we can determine all its eigenvalues
and eigenfunct.ions explicitly.
First note that every eigenvalue A must be a positive real number. If c is
an eigenfunction for A then —v" = \v. Multiplying both sides of this equality
by v. integrating from 0 to /, and using integration by parts, we obtain

Since v; is iiontrivial.

and hence A > 0. The case A = 0 has already been excluded, so A > 0.
Writing A = // 2 , with n > 0, our differential equation becomes

and a basis for the solutions is given by cos(//,,r). sin(/ix). The most general
solution r of (8.4) is

where c\,O2 are constants, and this satisfies the boundary conditions c(0) =
?.'(/) = 0 if and only if

Since v(x) = c? sin(//,r) is nontrivial. c? ^ 0. and therefore

is the condition which determines the possible values of J.L. Now (8.5) is true
for /.i > 0 if and only if

or

Thus the eigenvalues of (BVP) are
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and an eigenfunction for n isX

For A = An the equation for w in (8.2) has for a basis the solution

Thus for each n = 1, 2 , 3 , . . . , the equation (8.1) has a solution

It is easy to check that if C/i, U<2 are solutions of (8.1), then any linear combination cC/i + dt/2 is again a solution; the solutions of (8.1) form a vector space.
Thus any finite linear combination of the un will again satisfy (8.1).
In order to satisfy the initial condition u(x,Q) = /(x), consider the formal
infinite sum

The initial condition will be met if

The problem of expanding a "general" function / in a series of eigenfunctions
of (BVP). that is, computing the cn in terms of /, thus arises in a natural
way. If we can do that, then u given by (8.6) will be a solution of (7 — BVP)
provided the termwise differentiation of the series in (8.6) can be justified.
If f ( x ) is a finite linear combination of the sin(n7rx/Z), then the solution is
easy. For example, if

then we can take c\ = 3, 05 = —43, and all other cn = 0. Since the sums are
finite, no convergence questions arise. A solution of (/ — BVP) will then be

These formulas are greatly simplified if / = TT and k = 1 when (/ — BVP}
has a formal solution
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where

In the case1 of
for example,

gives a solution. Exercise 1 indicates how the use of suitable units of position
and time transforms (7 — BV P) into the special one with / = TT. k = 1.
The methods sketched above work for a very general class of second-order
linear equations with linear boundary conditions. The1 purpose of this chapter
is to investigate these boundary value problems in detail.

8.2

Inner products

A discussion of eigenvalue problems is greatly simplified by working in the
context of inner product spaces. Inner products arc generalizations of the
familiar clot product in TL" or C".
Recall that, if J~ is either C or T?,, the usual dot product or 'inner product
on J-1' is defined by
for each X = (x}
xn). Y = ( 7 / 1 . . . . . y,,} £ Fl. For all A'.}' e F\ and
o , j 3 6 T'. the inner product has the properties

This inner product has an associated norm. j| ||-2 delined by H A ^ j j ^ — (X, A).
The Schwarz inequality is \(X.Y)\ < ||X|| 2||y||2 for all X,Y € F1. Clearly,
since ||.Y||2 < j|Ali = X . this implies that |{A.y)| < A||Y for all X.Y e
F".
There is a certain interplay between matrices anrl the usual inner product
on Fn. If A = (n-ij) t A/n,,,^^7), its adjoint, or conjugate transpose, is the
matrix A* = (fiji) €E A/ r ,,,,(jF). The map A -^ A* ha.s the properties
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Notice that if X 6 fn and Y € Jrm, then

A matrix A e Mn(jT) is self adjoint if A* = A. When 7"n = 7£n the adjoint
of a matrix is simply the transpose, and the selfadjoint matrices are real symmetric matrices. Eigenvalues of selfadjoint matrices are real, and eigenvectors
X, Y, corresponding to distinct eigenvalues A] / A2 are orthogonal, that is,
(X, Y) = 0. These facts follow from simple algebraic manipulations. If

then, using 8.8 and (d),

Since (X, X} > 0, it follows that AI = AT , or AI e 7\L. On the other hand, if
AY = X2Y,
Since AI — A2 / 0. we must have (X. Y} = 0. In fact, if A is a selfadjoint
matrix, then Tn has a basis of n orthogonal eigenvectors of A. (See exercise
14.)
Functions analogous to the dot product arise in more general settings. For
any vector space V over T a function

satisfying (a)-(d) above is called an inner product on V. The norm associated
to an inner product is \\X 2 = (X,X), and the Schwarz inequality

is valid in any inner product space (see exercise 7).
Two elements X, Y of an inner product space are said to be orthogonal if
(X,Y) = 0. A finite or infinite sequence {X^} is orthogonal if (Xj,Xk) = 0
for j' ^ k and is orthonormal if, in addition, (X^-, X^) = I for all k.
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An important case for us is V = C ( 1 , C ] , the continuous complex-valued
functions on 7, with the inner product given by

and the norm

As we will see in this and the next chapter, there is a strong analogy
between the analysis of (I-BVP) and that of the linear system

In developing this analogy, it will be helpful to think of the mapping v(x) —>
kv"(x) as the analogue of a sclfadjoint matrix on the vector space (7(7, C). In
developing this analogy, the boundary conditions •;;(()) = 0 = v(l] will play a
subtle, but crucial, role.

8.3

Boundary conditions and operators

A large part of the theory of eigenvalue problems for differential equations
parallels the eigenvalue theory for matrices. The role of the matrix is played
by a linear differential operator L. Our focus is on the class of second-order
operators on / = [a. b] given by

where p C C1 (7, 7£) and q e C(I, TC). The leading coefficient p(t) is assumed to
be nonvanishing on /; for convenience we will assume that p(t) > 0. By using
the product rule, the action of L on a function x ( t ) can also be expressed as

In marked contrast to the theory of matrices, questions about the domain of
definition of the operator L can involve surprising subtleties, with apparently
minor changes in the domain leading to dramatic differences in the behavior
of the operator. To keep the discussion of these issues as straightforward as
possible, the domain of L is defined to be the set

Boundary value problems like the one encountered in the heat conduction
problem of section 8.1 involve additional constraints on the domain of the
operator. In that case L was given by Lx — —x", where p(t) — 1. q(t) = 0
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on /. The boundary value problem (BVP), in terms of this special L, can be
written as
on / = [0,1]. Thus functions x ( t ) , already in D]_, are required to satisfy the
additional conditions x(0) = x(l) = 0.
With the operators L as described, both the domain and the range of the
operator are subspaces of the continuous complex-valued functions on /. (Realvalued functions are then a special case.) C(/, C) will be considered as a vector
space over C with the inner product given by

and the norm

Fundamental to the study of boundary value problems associated with L
are the Lagrange identity and Green's formula.
Theorem 8.1: I f { x , y } ( t ) is defined by

then
(Lagrange

identity)

Proof: Using the fact that p and q are real valued, p = p, q = q, a direct
computation shows that

Integrating the Lagrange identity from a to b yields the following result.
Theorem 8.2: For x,y <E Dit
(Green's formula)
Although the left side of Green's formula involves integration of functions
on /, the right-hand side only involves data from the boundary of the interval
/. This data can be considered in C4 if

Eigenvalue Problems

253

The eigenvalue problem above involved boundary conditions x(0) = 0 =
x(/). More generally, L will be restricted by two real linear boundary conditions
at the endpoints a and b of /,

where the a?J and blsj are real constants. If

then these boundary conditions may be written as

In terms of the boundary matrix

the boundary conditions (BC) may be written simply as

To avoid trivia,! or equivalent boundary conditions, assume that neither boundary condition is a constant multiple of the other. This is equivalent to assuming
that the two rows of B are linearly independent, or rank(B) — 2.
For a given B £ M^CR,) define a boundary operator j3 by

This 3 is a linear function from D] = C2(I,C) into C2. Denote by L$ the operator L restricted to the set D$ of x <?. D\ satisfying the boundary conditions,

Thus
The domain D$ is a vector space over C, and L^ is a linear operator from D$
intoC(LC).
For any 3. those x fc D\ satisfying x = 0 clearly satisfy d(x) = 0. These x
are denoted by
in all cases DO C D/j C D-\.
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As an example, the boundary conditions x(a) = 0 = x(b) give rise to

An operator L@ such, that

or

is said to be a self adjoint differential operator. This particularly important
class of operators will occupy much of our attention. Naturally, the boundary
conditions defining a selfadjoint Lp are called selfadjoint boundary conditions,
and the corresponding operator 3 is called a selfadjoint boundary operator.
Notice the similarity between this terminology and the terminology used
for n x n matrices. In that setting, a selfadjoint matrix

exhibits the characteristic property

This equation is analogous to (8.9).
The operator Lg on / = [0.1] given by

is selfadjoint, as Green's formula shows. Another example occurs with the
same L but with periodic boundary conditions

We emphasize that Lp being selfadjoint depends on both L and 0. Boundary conditions may be selfadjoint for one L but not for another L. For example,
if Lx — —x" on / — [0,1], the conditions x(0) = x(l) give a selfadjoint problem,
while if Lx = — (pxy)', where p(t) = t + 1 on / = [0,1], then the same conditions x(0) = x(l) do not give a selfadjoint Lp. For this example, integration
by parts twice gives
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The periodic boundary conditions lead to the reduction

The particular choices x(t) = cos(2vrf) and y(t) = sin(27ri), which are periodic
with period 1, give

Thus the desired identity (Lpx.y) = (x, L$y} does not hold for all x.y £ Dp.
An important class of selfadjoint boundary conditions is the separated conditions, where one condition only involves the endpoint a, and the other only
b. These have the form

where not both a n , a i 2 arc 0 and not both 621,^22 are 0. When the boundary
conditions arc separated, Lft is called a Sturm-Liouville differential operator.
Sturm and Liouville were two investigators who made fundamental contributions (in the 1830s) to our understanding of such operators. In these cases
the selfadjoint condition (8.9) can be verified directly for every L of the form
Lx = —(px'Y + qx.
Observe that the conditions x(a) = x(b) = 0, which we met in (BVP) of
section 8.1, are separated ones, but the periodic boundary conditions x(a} =
x(b) are not, separated.

8.4

Eigenvalues

8.4.1

Selfadjoint eigenvalue problems

Let L(J be a fixed selfadjoint differential operator.

A number A 6 C is an eigenvalue of L$ if there is an x € Dp with \\x\\-2 > 0 such
that Lx = Ax. Such a nontrivial x is an eigenfunction of LQ for the eigenvalue
A. The problem of finding the eigenvalues and eigenfunctions of LQ is called a
selfadjoint eigenvalue problem for Lp, abbreviated as (EVP),
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The set <r(Lp) of all eigenvalues of L^ is called the spectrum of Lp, and if
A € &(Lp) the eigenspace of LQ for A is the set of all solutions x of (.EVP),
including the zero function. That is,

where / is the identity operator on (7(7, C). The eigenspace £(L@, A) is a vector
space over C. The (geometric) multiplicity of A e cr(L/j) is just dim(£(Lg, A)).
Since L has order 2, the multiplicity of an eigenvalue A is either one or two.
We say A is a simple eigenvalue in case the multiplicity is one.
As an example, reconsider (BVP) from section 8.1:

which has eigenvalues
In this case each An is simple, with £(Lp, A n ) having a basis xn(t) = sin(nt).
Another example is provided by the same L, but with periodic boundary
conditions on / = [—vr, TT], namely x - (—TT) = X(TT). Here the problem is

Green's formula directly implies that this problem is selfadjoint. If A G 7?. is
an eigenvalue for (8.10) then A > 0. This follows from an integration by parts

since x(—TT)X'(—TT) = X(-K)X'(K} for those x satisfying the boundary conditions.
For this problem A = 0 is a simple eigenvalue with eigenfunction uo(t) = 1 for
t G / = [—7r,7r]. For A > 0 we can write A = ju 2 , fj, > 0. and all solutions x of
—x" = fjpx have the form

A nontrivial such x (not both ci,c 2 are 0) satisfies the boundary conditions
if and only if sin(^tTr) = 0, or p, = n, a positive integer. Thus the set of
eigenvalues for Lp denned by (8.10) is

For n ^ 0 there are two linearly independent eigenfunctions un, vn, where
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so that each \n = n 2 > 0 has multiplicity two.
Some general results about selfadjoint L$ are contained in the following
theorem.
Theorem 8.3: // L$ is selfadjoint. then
(i) each eigenvalue X of Lp is real,
(ii) eigenfunctions corresponding to distinct eigenvalues are orthogonal,
(iii) for X G a ( L g ) , a basis for £(Lp,X) can be chosen to be real valued.
Proof: The statement (i) follows directly from the selfadjointness condition
(8.9). If Lx = A:r, x e Dfjl \\x\\2 > 0, then

so that A = A G Ti.
If y G Dp, \\y\\-2 > 0 is a second eigenfunction with eigenvalue v G R, v ^ A,
then (8.9) gives

and hence (x, y} = 0, which is (ii).
For (iii). write x = u + iv. where u, v are real valued. Since the coefficients
p, q in L are real valued, Lu, Lv are real valued, and

implies that Lu = Xu, Lv = Xv. Also, since B has real elements. fl(u}./3(v) E
T?2, and from
we obtain i3(u) = l3(v} = 0. Thus if x G £(Lp, A) then u,v G £ ( L j , X ) . Since
\\x\\2 = \\u\\2 + \\v\\2i anfl \\x\\2 > 0, either ||-u||2 > 0 or \\v\\2 > 0, or both.
If ||'u||2 > 0 (respectively. ||t'||2 > 0), then u (respectively v) is a real-valued
eigeniunction. Thus if A is simple we have a real-valued basis for £(L.?, A).
If dim(£(Lg,A)) = 2, let x,y be a basis for £(L$. A), with x = u + iv.
y = w + iz, where u,v,w,z are real valued. As before, u,v,w,z e £ ( L ^ , X ) .
If the real vector space spanned by u, v. w, z has dimension less than two, one
easily sees duu(£(Lp, A)) < 2 as a complex vector space, a contradiction. Hence
£(Lg, X) has a real-valued basis, n
For Sturm-Liouville operators Lp we can say more.
Theorem 8.4: Suppose L$ is selfadjoint with separated boundary conditions. Then each eigenvalue X of Lg is simple.
Proof: Let the boundary conditions denning LQ be given by

Suppose that u, v are eigenfunctions for A. The boundary condition at a says
that the vectors (u(a),u'(a)),(v(a),v'(a)) G H are both orthogonal to the
nonzero vector (an, 012), hence they lie in a one-dimensional subspace of Ti2.
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If X = (u, v), then the Wronskian W-^ at a is

Since the columns are linearly dependent, Wx( a ) = 0. By Theorem 2.10,
VFx(i) = 0 for all t £ /, so u, v are linearly dependent. This shows that
dim(£(L0,X)) a= 1.
We have considered in detail two examples of selfadjoint problems:

If L/3 is the selfadjoint operator denned by (I) or (II), then the boundary
operators /3, where /?(z) = Bx, are determined by

respectively. The spectra a(Lp) for these examples are

In case (I) each eigenvalue \n = n2 is simple, and a corresponding eigenfnnction vn is given by

Now

If xn = vn/\\vn\\2, then xn is an eigenfunction for Xn with unit norm ||zn||2 = 1,
and

The xn form an orthonormal set

where 8nn = I and 6mn = 0 if m ^ n. This is due to the fact that the xn are
eigenfunctions corresponding to distinct eigenvalues; see Theorem 8.3(ii).
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In case (II) only AQ is simple; the other An — n 2 , n = 1 . 2 , 3 , . . . . have
multiplicity two. Corresponding eigenfunctions are
(II)

u 0 ( t ) -^ 1,

u n ( t ] = cos(nf),

vn(t) = sm(nt),

n = I , 2. 3

Because of Theorem 8.3(ii) we have

Moreover.

Thus the cigeufuiictions in case (II) form a mutually orthogonal set. They can
be normalized by dividing by their norms. Since

these normalized eigenfunctions can be written as

The corresponding eigenvalues are then

In both of these .selfadjoint cases there are an infinite number of eigenvalues
A,, which are bounded below arid tend to +00 as n —> oc. As we will see a
bit later, the properties described above for these examples are typical of the
more general selfadjoint problem

and the corresponding selfadjoint operator L$.
If Lf) is not selfadjoint, the behavior can be quite different. For example, if

the corresponding nonselfadjoint L$ has no eigenvalues. For the same L and
/, the boundary matrix
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determines a nonselfadjoint Lp such that every A e C is an eigenvalue.
In our examples (I) and (II) we showed directly that (Lx, x) > 0. If the
inequality
is valid for some m > — oo, we say Lp is bounded below by m. In this case, the
spectrum cr(Lp) is bounded below by m, for if x is an eigenfunction of Lg with
eigenvalue A. we have

or A > m.
For some selfadjoint Lg it may not be apparent that (8.11) is valid for some
m > —oc. For example, let Lx = ~x" on / = [0,1], with

This leads to the selfadjoint eigenvalue problem

An integration by parts shows that

and an inequality of the form (8.11) is not so clear.
Define the operator LQ to agree with L on the smaller domain DQ,

Say that LQ is bounded below by m if

Since DO C Dp, it is certainly true that if LQ is bounded below by m, then LQ
is bounded below by m. In the opposite direction the following result is true.
Theorem 8.5: If LQ is bounded below by m > —oo,

then for any selfadjoint Lg there are at most two linearly independent eigenfunctions of Lp with eigenvalues A satisfying A < m.
Proof: Suppose that £1,0:2,£3 are three linearly independent eigenfunctions, which by Theorem 8.3 may be assumed real, with eigenvalues AI, A2, \z
all less than m. Changing these vectors if necessary with the Gram-Schmidt
process, we can assume that the vectors Xj are orthonormal. We consider the
boundary values x\,x<i^x% e 7£4. Since Xj & Dp, that is, the boundary values
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are orthogonal in 'R,1 to two independent vectors, the boundary values are
already constrained to lie in a two-dimensional snbspace of Tv!4. Consequently,
a nontrivial linear combination w = c\xi + ('2X2 + (';?£';} of these vectors satisfies
w = 0, or ;/; €F DO Now we consider'

This inequality contradicts the hypothesis. D
It is simple to use integration by parts to obtain information about (Lx,x)
for :r £ DQ. When .r 6 DQ the boundary terms vanish, yielding

Letting

it follows that

An application of Theorem 8.5 proves the following.
Corollary 8.6: Every sdfadjoint Lp has at most two linearly 'independent
eigenfunctions with eigenvalues A satisfying A < qo.
As an example consider the sdfadjoint problem (III), with correspondingoperator La. Since (8.12) implies that

the operator LO is bounded below by 0. It is easy to check that A = 0 is not
an eigenvalue of L$. Can there exist negative eigenvalues? To answer this, let
A = —/i 2 . //, > 0. The general solution of —:/:" = — f-i2x is given by

and

Satisfying the boundary conditions means that
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These conditions are satisfied for c\. c% not both 0 if and only if

or coth(/i) = [i.
A sketch of the graphs of y = coth(ju) and y = n (see Figure 8.1) shows
that there is just one (j,\ > 0, where these graphs cross. This is approximately
given by m ~ 1.20, and hence AI = n\ ~ —1.44 is the only negative eigenvalue.
Since the boundary conditions are separated, all eigenvalues of Lp are simple.
An eigenfunction x\ for AI is given by

Figure 8.1: Locating a negative eigenvalue.
8.4.2

Eigenvalue asymptotics

It is natural to ask if the eigenvalues for selfadjoint problems are in some
sense similar to eigenvalue sequences of examples such as (I), where explicit
computations can be made. This question is most easily addressed for SturmLiouville problems. We will focus our attention primarily on problems having
the form
A set 5 of real numbers is said to be discrete if for every s G S there is an
open interval U such that Ur\S = s. Our first result is elementary and applies
immediately to all Sturm-Liouville problems.
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Lemma 8.7: The eigenvalues of a Sturm-Liouville. problem, form, a, discrete

set.
Proof: The Sturm—Liouville problem has the form

In the two-dimensional vector space of solutions to the equation there is only
a one-dimensional space satisfying the boundary condition at a, and this space
has a basis given by those solutions xi(i, A) satisfying the initial condition

The function X[(t. A) is real valued for A real. If A?- is an eigenvalue for this
Sturm-Liouville problem, then the function

is real valued if A is real. It follows from Theorem 7.6 (see exercise 7) that
for any e > 0 there is a . 6 > 0 such that |A — Aj < 6 implies that x ± ( t . A) —
xi(t. AJ)| < e for all t £ [a, b\. Thus r(A) is continuous, and since r(A ? ) > 0, it
must remain positive for A in some open neighborhood U of Aj.
If A,; is another eigenvalue, distinct from Aj, then Theorem 8.3 says that
the eigenfunctions are orthogonal, or r(A,) = 0. Thus no A € U except for Aj
can be an eigenvalue. D
Our next goal is to describe the locations of the eigenvalues for problem
(8.13). The integral equation (7.25) is an effective tool for addressing this
problem.
Theorem 7.9 established that a solution of the related initial value problem

can be written as a solution of the integral equation

Notice that the boundary condition x(0) = 0 implies that a = 0. The basic
existence and uniqueness result for second-order equations implies that any
nontrivial eigenfunction for (8.13) must satisfy x'(0) ^ 0. In searching for an
eigenfunction there is no loss of generality in assuming that x'(0) = 1. With
this choice the integral equation for x ( t ) reduces to the form

Here the dependence of x on A is displayed, since this dependence will now
play an important role.
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As a consequence of Theorem 7.9, x(t, A) is bounded by some constant C
for all (t, A) satisfying Q < t < TT and A > AQ for any AQ > 0. When such an
estimate is inserted into (8.14), the result is that there is a constant C such
that
Putting this estimate for x(i, A)| into (8.14) yields

A solution x(t, A) of the differential equation will also satisfy the boundary
condition at t = TT if and only if

It is possible to use (8.15) to describe the location of eigenvalues of (8.14) when
A is large.
Theorem 8.8: If q(t) e C([0,7r],7£) then there is a constant K\ such that
any eigenvalue A of (8.13) satisfies

for some positive integer n. Conversely, there is a constant KZ such that for
every positive integer n there is an eigenvalue A o/(8.13) satisfying

Proof: The estimate for x(t, A) means that there is a constant K such that

At any eigenvalue A = \j we have X(TT, Ay) = 0, implying

But sin(\7Avr)| is only small when \/A is near the integers. In fact (see Figure
8.2 and exercise 18), the inequality

is satisfied. If Aj is an eigenvalue, there is a positive integer n and a constant
C such that
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Rephrasing,
or

Squaring gives

which means that
and for JA ? sufficiently large

Figure 8.2: Estimating

sin(?rx)| from below.

For the converse, consider what happens to X(TT, A) when v A — n ± C/n,
C > 0. Then

For n, sufficiently large

There is another constant C\ > 0 such that the O(|A|~ 1 / / 2 ) terms have
magnitude smaller than C\jn. If we pick C > 2Ci then X(TT, A) changes sign
between n ± C/n. Since X(TT, A) is continuous, it must vanish when

266

Linear Ordinary Differential Equations

or there is a C-z > 0 such that for n sufficiently large,

8.5
8.5.1

Nonhomogeneous boundary value problems
Nonhomogeneous problems

When A is an n x n matrix, the equation (A — XI) X = Y has a unique
solution X for every Y € J7n if and only if A is not an eigenvalue of A. To find
a corresponding result for a selfadjoint operator LQ on an interval I = [a, b],
consider the associated nonhomogeneous problem

where A €E C and / € C(I,C). Since A may be complex and / complex-valued,
solutions of (NH) will in general be complex valued. It turns out that (NH)
has a solution for every / <E C(I,C) if and only if A is not an eigenvalue of Lp.
Before demonstrating this, we take a short detour to introduce some notation.
Let X(t, A) = (xi(t, A), xz(t, A)) be a basis for the solutions of the homogeneous equation Lx = \x on /. Then

is a 4 x 2 matrix

and BX(A) is the 2 x 2 matrix

For a fixed A € C, every solution x of Lx = Xx has the form x = X(A)C, where
C € C 2 . This solution satisfies the boundary condition Bx = 0 if and only if

and x is nontrivial (an eigenfunction of Lp for A) if and only if (8.16) has
a nontrivial solution C € C2. The homogeneous system (8.16) of two linear
equations for the components c\, c% of C has a nontrivial solution c € C2 if and
only if
Hence A is an eigenvalue of Lp if and only if (8.17) is satisfied.
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To illustrate these ideas, consider the earlier example (III) on / = [0,1],

The boundary matrix is

Suppose A / 0 and put A = 2/ 2 , where v e C. A basis for the solutions of
—x" = v2x is given by

where

Then

and

Therefore,

arid
It follows that A = v2 / 0 is an eigenvalue of L# if and only if

For A = 0, a short calculation using the basis given by X(f.O) = ( l . t )
shows that

and, since det(BX(0)) = 1 / 0 . we see that 0 $ cr(L^).
Since any eigenvalue A of L# is real, cither A > 0. A = //2 for some v > 0.
which satisfies (8.18), or A = —/i 2 (v — ifj.) for some // > 0. From the relations

and (8.18), the negative eigenvalues A = — \j? of LQ satisfy coth(/u) — \i = 0.

268

Linear Ordinary Differential Equations

The first step toward understanding (NH) is the following necessary condition for a solution.
Theorem 8.9: // (NH) has a solution x, then (/, y) = 0 for all y E
N(Lg-XI).
Proof: Let x satisfy

and let

Either y is the zero function, in which case {/. y) = 0 is clearly satisfied, or y
is an eigenfunction of Lg for A. and A E Tl. In the latter case

We are now in a position to demonstrate the result mentioned at the beginning of this section.
Theorem 8.10: The nonhomogeneous problem (NH) has a solution for
every f E C(I,C) if and only if X ^ a(Lg), in which case the solution is unique.
Proof: Theorem 8.9 says that if (NH) has a solution, then {/, y) = 0 for
all y E N(Lg — XI). If y ^ 0 then (y, y} > 0, so (NH) cannot have a solution
in case / = y. Thus A € o'(Lg) implies there are functions / E C(/,C) such
that (NH) is not solvable.
Conversely, assume A ^ a(Lg). Let u be a particular solution of Lx =
Xx + /, which can be constructed using the variation of parameters method
(see section 2.6). The general solution x of Lx = Ax + / has the form

where X(A) = (xi (A). #2(A)) is a basis for the solutions of Lx = Xx and C £ C2.
Such an x will satisfy the boundary conditions if and only if

or

Now A ^ v(Lp) implies that det(BX(A)) ^ 0, and thus the 2 x 2 matrix BX(A)
is invertible. Hence (8.20) has a unique solution C E C2 given by

and with this C the x given by (8.19) is a solution of (NH). The uniqueness
of C implies the uniqueness of the solution x.
If A is an eigenvalue of Lg, those solutions of (NH) which do exist are not
unique. Indeed, if v is a solution and y E £(Lg,A), then x = v + y is also a
solution, for
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In this case the solutions of (NH) form an affine space

where v is a particular solution of (NH).
The next result gives necessary and sufficient conditions for the nonhomogeneous problem (NH) to have a solution when A is an eigenvalue of LQ. In
this case uniqueness is assured if the solution is further restricted. The proof
is omitted.
Theorem 8.11: If X 6 a(L>i), the nonhomogeneous problem (NH) has a
solution if and only if f € £(L^A)^. // A € a ( L p ) , and f e £(L/?, A)-1-, then
(NH) has a unique, solution x satisfying x € £(L,-j, A)J .
8.5.2

Green's functions

According to Theorem 8.10, if A ^ a(Lp) there exists a unique solution x of
the nonhomogeneous problem

for every / € C ( I . C ) . This solution may be written as

where the kernel g. denned on the square

depends only on the selfadjoint homogeneous problem

that is, on Ly — XI. This g is independent of /, and is called a Greens function
for LI-J — XL To know g is to know the solution of (NH) for an arbitrary
/ 6 (7(7, C). For simplicity, the case A = 0 ^ cr(L,^) is considered. Then
(NH) is
Let X = (x\. ,£2) be a basis for the solutions of Lx = 0 on 1. The variation
of parameters method (Theorem 2.12) yields a particular solution u of Lx = /;
from Chapter 2. exercises 25 and 26. that solution satisfying u(a) = u'(a) = 0 is
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Here Wx = det(X) is the Wronskian of the basis X. We remark that the
formula for Wx given in Theorem 2.10 shows that p(s)Wx(s) is a constant,
independent of s e /.
Letting

u may be written as

Note that
We have
so that

and

Every solution x of Lx = f has the form x = u + XC, where C € C2. and
such a solution satisfies the boundary conditions Bx = 0 if arid only if

so that
Now recalling that B = (B a ,B b ), where B a ,B f c are 2 x 2 matrices, we have

Thus

or

where
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Making use of the identity

g ( t , s ) can be written in the more symmetric form

With 0 ^ cr(La) and this g, the Green function for Lg, the solution x of (8.21),
is given by (8.22).
To obtain the Green function for Lp — XI in the general case A ^ v(Lp) the
above argument is altered by replacing X by a basis X(A) = (x\(X),X2(X)) for
the solutions of Lx = Xx on / and k(s) by

Then we have the following result.
Theorem 8.12: If X ^ a (La), the. nonhornogeneoufi problem

has a unique solution x given by

where,

As a particular case consider

the nonhomogeneous problem corresponding to our example (I), where A = 0
is not an eigenvalue. It is a, nice exercise to check that the Green function for
Lfj is given by

This can be done by choosing X(£) = (1-0 and substituting in the formula
(8.23) for g with A = 0, or y can be computed by calculating the solution of
(8.25) directly.
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The next result characterizes the Green function g, which is defined on the
square I x I. Let T\,T<2 be the triangles

Theorem 8.13: Let g be the Green function for Lg —XI as given by (8.24).
Then, for fixed A (JL a(Lp),
(i) g is continuous on the square I x I;
(ii) dg/dt is continuous on each of the triangles Ti,T%;
(lii} Og/dt(s + 0, .9, A) - 3g/dt(s - 0, s, A) = -\fp(s);
(iv) i f v s ( t ) = g ( t , s, A), then Lvs = 0, for t / ,s;
(v) Bvs = 0.
There is only one function g on I x I satisfying (i) - (v).
Proof: Write

where

Observe that
Clearly g and dg/dt are continuous on T\ and T2, for X(A),X'(A),fc(A) are.
The only possible discontinuity of g can occur along the line s — t. Using the
notation
we have

This means

so that g is continuous on I x I. As to dg/dt,
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which proves (iii). Since LX(A) = 0 it follows that Lv, = 0 for t / s. Finally,
vs satisfies the boundary conditions (v) for

using the definition of gt,(s, A).
Now to show that (i)-(v) characterize g uniquely, suppose h is another
function on / x / satisfying (i) (v). If

then from (i) (iii) we see that r.dr/dt are continuous on I x I, and (iv) then
shows that rs(t) = r(t. s, A) satisfies

This equation can be used to define r" to be continuous for t = s via

Then Lrs = 0 for all t e /. The condition (v) implies that Br,s = 0. Thus rs
satisfies
or rs € N(L3 - XI) = {0}, and hence h(t, s, A) = g(t, s. A) on / x /.
As a simple application of Theorem 8.13, consider the nonhornogerieous
problem

which corresponds to our example (III). We know that A = 0 is not an eigenvalue for the homogeneous problem. Let X be the basis for the solutions of
—x" = 0 given by X(t) = [!,£]. The condition (iv) in Theorem 8.13 implies
that for A = 0 the Green function for L^ has the form

where GI, 0-2,^1,^2 may depend on s. The conditions (i), (iii), (v) imply that
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and these equations have the solution

Thus

For a slightly more complicated illustration, consider the problem

and suppose A ^ &(Lp) and A / 0. Then the Green function g for Lg—XI exists.
Applying Theorem 8.13, with the basis X(A) for the solutions of — x" — Xx
given byit can be shown that

Observe that as v —> 0.

which is g(t, s, 0), as pointed out previously.
Let us return to the general nonhomogeneous problem

From Theorem 8.12, if A ^ a(Lp), (NH) has a unique solution x given by

where g is the Green function for L^ — A/, which is characterized in Theorem
8.13. Define G(A) : C(I,C) -> Dp, the Green operator for A, by

The equation
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solution shows that x = G(X)f, or

solves (NH).

Suppose that / - (Lp - XI)x. Then / e C(/,C), G(X)f
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€ Dp, and

so that x = G(\)f, which is (8.28). The relations (8.28) and (8.29) show that
the Green operator

is the inverse of the differential operator Lp — XI: that is, G(X) = (Lg — XI)"*.

8.6

Notes

The study of selfadjoint operators on a Hilbert space is a major topic in mathematics, particularly because of the applications to quantum mechanics. In a
sense, the selfadjoint problems studied in this and the following chapter are
among the most elementary. In many of the physically motivated examples,
the interval / is riot compact. This has a substantial impact on the description
of the spectrum of the operator. The book [21], particularly Chapter 8, serves
as a modern introduction to more general problems. The reference [3] also has
an extensive treatment of boundary value problems.

8.7

Exercises

1. By making use of the chain rule, express equation (8.1) in the new
variables
where a, 6, c, d are real constants. What choices of a. 6, <?, d will convert (8.1)
to the special case k = I. I =- -K 7.
1. Many of the differential equations

are related by elementary transformations.
(a) Using the chain rule, rewrite the equation (8.30) using the variable

to get a new equation of the form
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What are the new coefficients a ( t ) , b ( t ) 7
nned.)
(b) Make the substitution

(The function t(s) is implicitly de-

to reduce the equation (8.31) to the Liouville normal form

(c) Express c in terms of the original coefficients p, q.
3. Using the development in section 8.1 as a model, carry through the
computation of eigenvalues and eigenfunctions arising in the heat equation
with insulated boundary conditions,

4. Using the development in section 8.1, and particularly (8.6), (8.7), as
a model, find the formal solution u(x, t) of the time-dependent Schrodinger
equation

5. Let X,Y eC3 be given by X = (i,-i,l), Y = (l-H,-2,i). Compute

Verify that
6. Verify that the usual dot product on Cn has properties (a)-(d) of section 8.2.
7. Prove the Schwarz inequality for any inner product space V using the
following outline. For a € C and X, Y € V,

Show this implies
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Now take (X,X} = I = (Y,Y) and write (Y,X) = \(Y,X}\ei0 for 8 € ft. Use
a = e~*e to establish the Schwarz inequality in this special case. Finally, apply
the special case to W = X/\\X\\ and Z = Y/\\Y\\.
8. Suppose that
and that
is differentiable. Show that

What happens if ft" is replaced by Cnl
9. (a) If

show that || || is a norm on M mn(f)(b) Show that ||A||| = tr(A*A), where tr(C) denotes the trace of C =
(Cij-) e Mn(F),

(c) Show that
for all A € Mmn(.F).
10. For /,g e C(/,C), where / = [0,1], let

Show that { , ) is an inner product on C(I,C).
11. For /,0 e C(/,C n ), where / = [0,1], let

(a) Show that ( , ) is an inner product on C(/,C").
(b)If ||/||2 = {/,/} 1 / 2 ,/eC(/,C n ) , show that || ||2 is a norm on C(I,Cn).
(c) Show that ||/||2 < H / I U , / e C(I,Cn).
(d) Arc || Hoc, and || \\% equivalent norms on C(I.Cn)f
12. Let V be a vector space with inner product ( , ). For a set S C V,
define

(a) Show that S~L is a subspace of V.
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(b) If V = Tn and S is a subspace of dimension k, what is the dimension
of 5X?
13. Suppose that A is an n x n matrix and (Jf, Y} denotes the usual inner
product on J^. Using the equation

show that
and consequently that
(See exercise 12.)
14. Suppose that V is a finite-dimensional vector space over T with inner
product { , }. Say that a linear transformation A : V —* V is selfadjoint if

(a) If Z is an eigenvector for the selfadjoint transformation A, show that
A is selfadjoint on Z^~ with the inner product { , } inherited from V. (See
exercise 12.)
(b) Extend part (a) to show that V has a basis of orthogonal eigenvectors
of A.
15. Show directly from Green's formula that the real separated boundary
conditions are always selfadjoint.
16. Let Lx = (px'}' + q(x) on I = [0,1]. If p(l] = p(0), show that the
boundary conditions

are selfadjoint.
17. (a) In the proof of Lemma 8.7 we asserted that Theorem 7.6 implied
that for any e > 0 there is a 5 > 0 such that \\-\j < S implies that
x(t, A) — x(t, \j)\ < e for all t G [a. b]. Provide the details for this argument,
(b) Why does this imply the positivity of the integral

for A in some real open neighborhood of Aj?
18. Show analytically that

Use this result, together with the symmetry and periodicity of the sine function,
to establish the claim
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in the proof of Theorem 8.8.
19. Consider a pair of equations

Suppose that t\ and t% are consecutive zeros of y; that is, y(t\_) = 0 = J/(^)
and y(t) ^ 0 for t\ < t < t?.
(a) Show that the derivatives of y at t\ and t-i have opposite sign; more
precisely t/'(ti)?y(i 2 ) < 0.

(b) If W(t) = x(ty (0 - x'(t)y(e)], observe that

Integrating from t\ to ^2 we get

On the other hand.

Show that x cannot be positive over the entire interval [£i, £2], so that x vanishes at least once between successive zeros of y, a result known as the Sturm
comparison theorem.
20. Use exercise 19 to show that if a > 0 the Bessel function Jn has
infinitely many positive zeros as follows. By Chapter 6 exercise 40. the function
l 2
y(t) = t /' Ja(t) satisfies

For all large enough t we have b(t) > 1/4. Compare this equation with

which is satisfied by sin(t/2).
21. Modify the argument used for Theorem 8.8 to estimate the locations
of the eigenvalues for the problem

22. Show that the Green function for the problem (8.25) is given by (8.26).
23. (a) Using the particular Green function given in (8.27), compute (L^ —
A)^ 1 sin(u;s). What happens as A = i/2 approaches an eigenvalue of L^j?
(b) Suppose that / € C(/,C). with norm ||/||oo = max te / \f(t)\ = 1. Estimate ||(Lg — -^)~1/lloc as a function of A.
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Chapter 9

Eigenfunction Expansions
9.1

Introduction

In the course of trying to solve the heat equation in section 8.1, we were faced
with the problem of expanding a function / in a series of eigenfunctions of a
particular selfadjoint eigenvalue problem. This chapter is devoted to eigenfunction expansion results which can be proved for the general selfadjoint problem
and the corresponding operator Lg.
Since the vector space C(I,C) is not finite dimensional, the ability to expand a general function / in a series of eigenfunctions will require an infinite
sequence of linearly independent eigenfunctions. In addition to the question
of the existence of a sequence of independent eigenfunctions, several other
questions arise immediately:
(i) which functions have an eigenfunctioii expansion?
(ii) does the series converge?
(iii) if the series converges, is its sum equal to /?

To begin, suppose that {xn} is an orthonormal sequence (xm,xn) = 8mn in
an inner product space V, which might be Tn with its usual inner product, or
C(I, C) with the inner product

If / G V is a linear combination of the xn,

then the coefficients an may be identified by taking the inner product of both
sides with xm. Since the sequence {xn} is orthonormal,
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Turning to the case where V = C ( I , C ) , the Fourier series of / € C(I,C) with
respect to {xn} is the series

and (/, x n ) is called the nth Fourier coefficient of / with respect to {xn}.
As an example, consider the orthonormal eigenfunctions xn for the selfadjoint problem

namely,
If f ( t ) = t, t € I, then an integration shows that

and hence the Fourier series for this / is

Note that the sum of this series for t = vr is 0, which is not /(TT) = vr, so that
question (iii) may have a negative answer. It can be shown that for this / the
series converges to f ( t ) for 0 < t < TT, although we will not stop to show this.
The first main goal for this chapter is to establish the following result on
the existence of eigenvalues for a selfadjoint differential operator Lg.
Theorem 9.1: A selfadjoint Lp has an infinite sequence of eigenvalues
A n , n = 1, 2 , 3 , . . . ,

with corresponding eigenfunctions xn which form an orthonormal set,

To simplify the exposition, consider the case when A = 0 is not an eigenvalue for Lp. It will be easy to handle the general situation once this case is
understood (exercise 6). Let G = G(0) be the Green operator

From the discussion at the; end of Chapter 8 we know that G is the inverse of
Lp in the sense that
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Suppose that Lpx = f and Lpy = h, where /, h may be any functions in
C(I,C). Since Lp is selfadjoint,

and G is also called selfadjoint.
The basic results concerning eigenvalues and eigenfunctions for Lp arc more
readily established by considering the Green operator G. A number p, e C is
an eigenvalue of G if there is a nontrivial / e C(/,C) such that

and such an / is called an eigenfunction of G for p. Since G is the inverse
of L^, it is not surprising that the eigenvalues of G should be the inverses of
those for Lp.
Theorem 9.2: // dim(JV(L ; g)) = 0, A is an eigenvalue of Lp with eigenfunction x if and only if p. = I/A is an eigenvalue of G with eigenfunction
x.
Proof: Suppose Lpx = Ax, x 6 Dp, x ^ 0. Then GLpx = XGx = x, or
Gx = px, p = I/A. Conversely, let Gx = px for some x € C(I,C), x ^ 0.
Then p, ^ 0, for if p = 0 then Gx = 0 and 0 = LpGx = x, a contradiction.
Gx e Dp implies that x = XGx e Dp, A = I / p , and Lpx — \LpGx = Ax. n
A helpful roadmap for this chapter can be drawn by considering the Green
operator for example (9.1) as a generalization of a selfadjoint matrix. A selfadjoint matrix A € Mn(J-) has a finite set of real eigenvalues, and there is an
orthonormal basis {Xn} of eigenfunctions. The Green operator for (9.1) has
a sequence of eigenvalues p,n = 1/n2, p,n —> 0, and there is a corresponding
orthonormal sequence {xn(t)} of eigenfunctions.
In the matrix case eigenvalues can be found by looking at the roots of
the characteristic polynomial. Since this tool is not available for the Green
operator, some other means of finding eigenvalues is needed. By using the orthonormal eigenfunctions we can actually identify two expressions which reveal
the value of the eigenvalue of largest magnitude. The following computations
are meant as a formal guide, so for now questions about convergence of series
will be ignored. First, if f ( t ) = ^a,nxn(t), then

Since the sequence {xn} is orthonormal, i.e., (xm,xn] — <5m,n. we have
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Taking ||/||2 = (/, /) = 1, it follows that

Since £„ an 2 = 1,
If it happens that |/^i| = supn |// n |, as in the case (9.1), then the choice f ( t ) =
x\(t~) gives
A similar calculation reveals that

and

These inequalities motivate the following plan. We will try to find a single
eigenfunction for G by considering a sequence fn such that ||/n|| = 1 and

A compactness argument will show that some subsequence of the sequence
{Gfn} converges to an eigenfunction of G. The magnitude of the corresponding eigenvalue will be maximal. Having obtained eigenfunctions, the process
will be repeated on the orthogonal complement, thus producing a sequence of
orthogonal eigenfunctions and corresponding eigenvalues of decreasing magnitude. As this plan unfolds, it will also be possible to provide good answers to
the apparently deeper questions (i)-(iii) above.

9.2

Selfadjoint integral operators

It will be convenient to develop results which apply to integral operators more
general than Green's operator. The results of this section and the first result,
Theorem 9.6, of the next section, are valid for integral operators

satisfying two conditions:
(i) the kernel g(t, s) is a continuous function on 7 x 7 ,
(ii) (Gf, h) = (/, Gh) for all /, h e (7(7, C).
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Integral operators satisfying condition (ii) will be called selfadjoint. The
notation used for Green's operator will be retained in this more general setting.
Let B\ denote the unit sphere in C ( I , C } .

and define the norm \\G\\ of the integral operator G by

From this definition it follows that

This is clearly true if / = 0. If ||/||2 > 0, then h = //||/||2 € BI and

so that (9.3) is true for all / € C ( I , C ) .
Theorem 9.3: The norm of the, self adjoint 'integral operator G satisfies

and

Proof: Since g ( t , s) is continuous on / x / it follows that g is bounded on
the square I x /; that is, there is a constant M > 0 such that

Hence for each / € C ( I , C ) ,

Since the last integral is the inner product (1, |/|) of the constant function 1
with ]/|. the Schwarz inequality yields

where |/| = 6 — a is the length of /. Thus
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and it follows that

or

Since this inequality is valid for any / £ C(I, C),

proving (i).
Turning to a proof of (ii), note first that (G/,/> G 72. for all / e C(/,C),
since

Let

If \\f\\2 = 1, then
so that 7 < ||G||.
Observe that in general

If / = 0 this is clearly true, and, for / ^ 0, the function h = f/\\f\\2 is in BI
and
The proof of the opposite inequality ||G|| < 7 begins with the identity

which implies

This means that

If \\Gf\\z = 0, then clearly ||G/||2 < 7- For ||/||2 = 1 and ||G/||2 > 0, we take
h = G//||G/||2. Then \\h\\2 = 1, and
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Thus ||Gj < 7, and (ii) is valid.
Two further properties of G will play an essential role in the proof of the
existence of eigenvalues and eigenfunctions. A set S C C(I,C) is said to be
uniformly bounded if it is bounded in the uniform norm; that is, there is a
constant k > 0, independent of h € S, such that

The set S is said to be equicontinuous if given any e > 0 there is a 6 > 0,
depending only on e, but not on h e S. such that \h(ty) — h(t-i}\ < e for all
h e S whenever \ty — t/2\ < S. Once we prove that the set

is uniformly bounded and equicontinuous, the following result can be employed.
(Recall that / is a compact interval.)
Ascoli-Arzela theorem: Let hn e C(I,C), n — 1 , 2 , . . . , and suppose
that the sequence {hn} is uniformly bounded and equicontinuous. Then there
is a subsequence {hn^} and a continuous function h on I such that {hn^}
converges uniformly to h,

A proof of this important result can be found in [17, p. 299] and [22, p.
144].

Theorem 9.4: The set

is uniformly bounded and equicontinuous.
Proof: Inequality (9.4) shows that for / 6 By,

or

so that G(By) is uniformly bounded.
Since the kernel g(t, s) for G is continuous on the square I x I. and since
this is a closed bounded (compact) set, g is uniformly continuous on / x /.
This implies that given any e > 0 there is a 6 > 0. independent of s e /, such
that
If / e BI and \ti - t 2 | < 6, then
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where the Schwarz inequality has been used. This shows the equicontinuity of
G(Bi).
Applying the Ascoli-Arzela theorem to the set G(B\) yields the following
result.
Corollary 9.5: If fn G B\, n = 1,2,..., then the sequence {Gfn} has a
subsequence G/n(j) which converges uniformly on I to an h G C(/,C),

We remark that if h e C(/,C), then

or

Thus h is bounded in the norm || ||2. Also, this implies that if \\hn — /i||oc —> 0
as n —» oo, then \\hn — h\\2 —» 0 as n —> oo.

9.3

Eigenvalues for Green's operator

A key step toward Theorem 9.1 is showing the existence of at least one eigenvalue for G. A sequence of eigenvalues for L@ will then be found by an induction
argument.
Theorem 9.6: There exists an eigenfunction x\ € B\ ofG with eigenvalue
Hi, where p,\\ = \\G\\. No other eigenvalue for G has a larger magnitude.
Proof: If ||G|| = 0 then ||G/|| = 0, and so Gf = 0 for all / € C(I,C).
In this case 0 is an eigenvalue. Assume now that ||G|| > 0. From Theorem
9.3 (ii), ||G|| = sup{|(G/,/)| / e BI}. There are two cases: either ||G|j =
sup{(G7,/}|/ e Bi} or ||G|| = sup{-{G/,/}|/ e BI}. Assuming the first
case, we will show m = \\G\\ is an eigenvalue.
There is a sequence {/„} C BI such that ( G f n , f n ) — > n \ . C o r o l l a r y 9 . 5
implies that there is a subsequence {Gfn(j)} of {Gfn} which converges uniformly to a continuous function y\. After a relabeling, this subsequence can
be assumed to be {Gfn}. Thus

which implies
Since
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the inequality
also follows. Moreover, by the Schwarz inequality.

implying that y\ is not the zero function.
To show that y\ is an eigerifunction of G with eigenvalue //i, Theorem 9.3
(ii) and the inequality ||G/n||2 < ll^llll/nlb = Ml are used in the following
computation:

This means that
Applying the triangle inequality.

Thus Gy\ = /iit/i, and y\ is an cigenfunction of G with eigenvalue n\.
The case of j|G|| = sup{ —(G/./)|/ £ B\} is handled by constructing an
eigenfunction yi for —G instead of G. Then —Gyi = v\y\ or Gy\ = —v\y\.
Hence n\ = —v\ is an eigenvalue of G with eigenfunction yi, and |/ii =
v\ = ||G||. In either case, letting x\ = yi/||yi||2) we see that x\ G B\ is an
cigenfunction of G with eigenvalue /zi, where \n\ = \\G\\.
Finally, suppose that /u is any eigenvalue of G with normalized eigenfunction
x e B\. Then |/z = ||Gx|| < ||G|] = |/^i|, so that //^ is an eigenvalue of G having
the largest possible magnitude. D
Theorem 9.6 can now be used to show that Green's operator has an infinite
sequence of orthogonal eigenfunctions and eigenvalues. Together with Theorem
9.2 this will prove the existence of the infinite sequence of eigenvalues and
orthonormal eigenfunctions for Lp, as asserted in Theorem 9.1, in the case
where N(L0) = 0.
Once again let G denote Green's operator. First note that Green's operator
does not have norm 0. If ||G|| - 0, then (9.3) implies that ||G/||2 = 0 for all
/ € G(/, C) or G/ = 0. But then 0 = LgGf = /, a contradiction.
Theorem 9.7: Green's operator G for Lp has an infinite sequence of
eigenfunctions Xj, j = 1, 2 , . . . . which form an orthonormal set

with eigenvalues /ii, p,2,.... satisfying
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Proof: Our first eigenfunction x\, with eigenvalue JJL\ satisfying \[AI\ = \\G\\,
is obtained by applying Theorem 9.6 to Green's operator. An induction argument will be used to show that for any positive integer k the constructed
orthonormal sequence of eigenfunctions xi,... ,Xk can be extended to an orthonormal sequence of eigenfunctions x\,... .Xk,Xk+i- As a consequence of
the construction, the sequence of corresponding eigenvalues ^ will have nonincreasing magnitudes.
Given orthonormal eigenfunctions xi,..., x^ of G and corresponding eigenvalues / u i , . . . , /Ltfc with nonincreasing magnitudes, define an integral operator

where

The kernel of the operator G^ is

which is continuous on / x /. Thus ||Gfe|| < oo. Moreover, the operator Gk is
selfadjoint, for if /. h € C(I. C), then

Note too that ||Gfe|| > 0. If ||Gfe|| = 0 then Gkf = 0 for all / € C(/,C).
Since Gf,Xj G D@ and \ijLpXj = Xj (using Theorem 9.2),

This says that each / € C(I.C) can be written as a linear combination of
Xi,. . . , X f c ,

which is not true by dimension count, proving j|Gfc|| > 0.
Apply Theorem 9.6 to Gk, obtaining a normalized eigenfunction x^+i & B\
and eigenvalue n^+i £ ^ such that
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For any / e C(I,C) and i = 1 , . . . , k,

In particular

which shows that x\,. ... x/t+i is an orthonormal set.
Now x/t+i is an eigenfunction for G, since

Moreover, x'fc+i is an eigenfunction for Gk-i, for

This implies that

so that

9.4

Convergence of eigenfunction expansions

The following simple inequality is basic in understanding eigenfunction expansions.
Lemma 9.8: If {xj} is an orthonormal sequence in C(I.C) and (f,Xj) is
the jth Fourier coefficient of an f £ C(I,C) with respect to {xj}, then

Proof: Making use of the identities (xj,f)
find that, for k > 1,

= (f,Xj)

and (xi,Xj) = <5?j, we
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Thus £*=i \(f,Xj)\z < ||/||i, and this implies that the series E^i K/.Zj)!2 is
convergent and satisfies Bessel's inequality. D
Theorem 9.9: Z/ei {x?} be the orthonormal sequence of eigenfunctions of
G, with GXJ = HjXj, j = 1 , 2 , . . . , as given in Theorem 9.7. Then |juj —* 0 as
j —> oo, and, if x 6 Z)^, its Fourier series with respect to this sequence {xj} is
uniformly convergent to x,

Proof: For j = 1 , 2 , 3 , . . . ,

and also

If gt(s) = g ( t , s) this is the same as

that is, fj,jXj(t) is the jth Fourier coefficient of gt with respect to {xj}.
Bessel inequality then implies that

The

Since \g(t, s)| is bounded, integrating both sides of (9.5) shows that there is a
constant C such that

This inequality holds for all fc, so

and the series is convergent. In particular, [AJ —+ 0 and fj,j\ —> 0 as j —» oo.
Moreover, the Fourier series of a; £ Dp is absolutely uniformly convergent]
that is, the series
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is uniformly convergent on /. This will be demonstrated by verifying that the
partial sums

form a Cauchy sequence in the sup norm.
Each x G Dfj can be written uniquely as x — Gf for some / e C(I,C); in
fact / = Lpx. Then

If I > k the Schwarz inequality yields

Now (9.5) implies that

where M = sup{|g(i,s)| \ t,s € I}.
From Bessel's inequality for / we know that the series

is convergent, implying that

Therefore (9.7) yields

and the series (9.6) is uniformly convergent on /.
The final step is the proof that the Fourier series of x € Dp converges
uniformly to x. If
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it is easy to see that

Thus for some h € C ( I , C ) , the sequence {u^} converges uniformly to h,

and therefore
Since

we finally have

or x = h. That is,

Notice that the proof of Theorem 9.1 has now been completed. In fact, as
a direct consequence of Theorems 9.2 and 9.9, the following important result
is obtained.
Theorem 9.10: When dim(N(Lg}} = 0, the selfadjoint differential operator Lp has an infinite sequence of orthonormal eigenfunctions { x j } . with
eigenvalues Xj = 1/fJ.j, where

Each x 6 Dg has an eigenfunction expansion

the series converging uniformly to x on I.
Theorem 9.10 implies that

if x G Dp. From this we have the following result.
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Theorem 9.11: If x,y e Dp, then

and

Proof: Using the Schwarz inequality for a slight modification of the proof
of Bessel's inequality shows that

This proves (9.9) and taking y = x gives (9.10). D
One consequence of the Paxseval equality is that the sequence of orthonormal eigenfunctions {xj} of G and Lp obtained in Theorem 9.7 is complete] that
is, there is no strictly larger orthonormal set of eigenfunctions of Lp which contains {x,}. For if x is an eigenfunction of La, ||x||2 = 1, such that (x,Xj) = 0,
j = 1, 2 , . . . , then the Parseval equality implies that ||x||2 = 0, a contradiction.
Therefore, the sequence {/Xj} of eigenvalues of G from Theorem 9.7 contains
all the eigenvalues of G. and the sequence {A.,}, Xj = l///j of Theorem 9.10
contains all the eigenvalues of Lp.

9.5

Extensions of the expansion results

In developing the results of this chapter, our attention has been restricted to
the class of continuous functions / e C ( I . C ) . For a number of important
applied and theoretical reasons it is convenient to extend the development
to the class of all (Riemann) integrable complex-valued functions on / (see
[17, 22]). The collection of Riemann integrable functions R(I,C) is a vector
space over C, which includes the piecewise continuous functions. The inner
product and norm on C(I,C) can be extended to R(I,C):

The Schwarz inequality remains valid,
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The eigenfunction expansion results of section 9.4 can be extended to include / G R(I,C). This makes use of the following approximation result, which
we will assume (see exercise 14).
Lemma 9.12: Given any f £ R(I,C) and e > 0, there exists an x e D0 C
Dp such that
Recall that

Because the lemma says that any / e R(I, C) may be approximated arbitrarily
well with an x E DO, DQ is said to be dense in R(I,C) with the norm || |J2.
Let {xj} be the orthonorrnal sequence of eigenfunctions of the selfadjoint
operator Lp, with dim(N(Lp)) = 0, and LpXj = XjXj. The following theorem
extends the eigenfunction expansion result (9.10) to / e R(I,C).
Theorem 9.13: /// <E R(I,C) then

where the series converges to f in the norm \\ \\2,

If x e Dp, then Lpx = f e C(I,C), and

where these series converge to x.Lpx in the norm || | 2Proof: Given / G R(I,C) and e > 0, Lemma 9.12 above guarantees an
x € DQ such that
We know that

so that for the given e > 0 there is an JV > 0 such that
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Now

The last term satisfies

Since the sequence {x?} is orthonorrnal,

where the last inequality is due to Bessel's inequality.
Taken together these estimates show that for any € > 0 there is an N > 0
such that

which is just (9.11).
If x e Dp, then Theorem 9.10 shows that

where convergence is in the norms || ||oo and || \\^. The jth Fourier coefficient
of Lax <E C(I,C) is

arid hence

where the convergence is in the norm || [[2. Q
The proof of Theorem 9.11 extends to /, h € R(I,C) to give the following
result.

Theorem 9.14: If f,h 6 R(I,C), then

and
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By (9-12) the sequence Cj = (/, Xj), j = 1, 2 , . . . , of Fourier coefficients of
/ G R(I,C) satisfies

Let us consider the set I2 of all sequences c — {GJ}, c} € C, satisfying (9.14). If
d = {dj} is another such sequence in I 2 , we can define an inner product

This definition makes sense because the series is convergent. Indeed, the
Schwarz inequality for Ck implies that

so that the series in (9.15) converges absolutely. The norm of c € I"2 is defined
by
The Schwarz inequality for I2 is obtained by letting k —> oo on the left of (9.15),

The set I2 is a vector space over C, with addition and multiplication by a
scalar defined componentwise.

We can think of c, d £ I2 as cc x 1 matrices

and then
The Parseval equality for / G R(I,C) just says that if

then
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and

The equality (9.12) becomes

Because of (9.16). (9.17) the map

preserves the norm and the inner product. It is clearly linear, and (9.16)
implies that it is one-to-one, in the sense that if

then ||,f - h\\2 = 0. In the case of /, h € C(I, C) this would imply / = h.
We may ask if the map (9.18) is onto I'2; that is, given any c € I2, is
there an / € R(I,C) such that c — (/, X ] . The answer is no. It is clear that
the results in Theorems 9.13 and 9.14 will be valid for any set of functions
F(I,C) D R(I,C) such that D0 is dense in F(I,C) in the norm |j ||2. The
largest such set, interpreted appropriately, is the set L 2 (/,C) of all complexvalued functions / on / such that

where the integral here is the Lebesgue integral, a generalization of the Riemann
integral. It can be shown that the map

is linear, one-to-one, onto I2 and that the Parseval equality

is valid. This is the important Riesz-Fischer theorem [22, Theorem 10.43].

9.6

Notes

Much more detail on eigenfunction expansions, with generalizations to selfadjoint problems on infinite intervals and to nonselfadjoint problems, can be
found in [3]. This material can also be productively examined from a more
abstract point of view. The reference [21] provides a good introduction to the
functional analytic viewpoint.
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Exercises

1. Compute the Fourier coefficients of the following functions with respect
to the orthonormal basis xn(i) = ^/2/Trsin(nt) on the interval [0,TV}:

1. Following the development in section 8.1 as a model, use the separation
of variables u(x, t) = v(x)w(t) and expansion in eigenfunctions to formally
solve the wave equation

Note that for each eigenvalue Aj of the problem

there is now a second-order equation in t. (In keeping with the usual choice
of variables for partial differential equations, x is now the spatial variable, not
the solution of the differential equation.)
3. Consider the heat equation for a nonhomogeneous rod,

Using the development in section 8.1 as a model, express solutions of this
problem using the eigenvalues Aj and eigenfunctions Vj(x) of the boundary
value problem
4. Reconcile the negative result in the introduction on the Fourier series
for /(t) = t with Theorem 9.10.
5. (a) Use (8.24) and Theorem 8.13 to show that the kernel g(t: s. A) is a
real-valued function if A € 7£.
(b) Use the Green operator identity

the continuity of the kernel gr(t, s), and part (a) to show that
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6. Remove the restriction that N(Lfj) = 0 by showing that there is some
real number A such that N(Lg — A) = 0. and using the Green operator G(A).
What is the relationship between eigenvalues of Lp and eigenvalues of G(A) ?
7. Suppose that / 6 C([a,b],'R.) and that x\,... ,XN is a finite set of real
orthonormal functions,

Consider the problem of finding the best approximation to / by a real linear
combination of the x n (t), in the sense that

is minimized.
(a) Show that if the function / is fixed, then E(a\,..., an] has a minimum.
(Hint: Write E as a quadratic polynomial.)
(b) Show that the minimum is attained when

8. Consider the eigenvalue problem

where a(t),b(t] e C([0, l],ft).
(a) Using exercise 2(b) of Chapter 8, express the eigenfunctions xn(t) of
(9.19) as xn(t) = yn(t)w(t), where

and yn is an eigenfunction for a selfadjoint problem. What does this say about
the eigenvalues for (9.19)?
(b) Show that the eigenfunctions for the problem (9.19) may not be orthogonal. Nonetheless, show that a function / € C2([0,1],C) satisfying /(O) = 0 =
/(I) has a uniformly convergent expansion in eigenfunctions xn(t) of (9.19).
(c) Extend results (a), (b) to the case of general separated boundary conditions.
9. Suppose that / € C([0,7r].C) has K continuous derivatives and that

(a) Use integration by parts to show that the Fourier coefficients
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satisfy an = O(n~K); that is, there is a constant C such that an\ < C/nK.
(b) Suppose that K > 2M + 2, that Lp is a selfadjoint differential operator
denned on 7 = [a, 6], and that 0 is not an eigenvalue for Lp.
Show that /, L p f , . . . , Ljf f e Dp. If / has Fourier coefficients

with respect to the eigenfunctions xn of Lp, show that

10. Recall that for each n = 0,1, 2 , . . . , the Legendre equation

has a polynomial solution Pn(t) of degree n satisfying Pn(l) = 1, the nth
Legendre polynomial (see section 5.6.2).
(a) Show that the Legendre equation can be rewritten in the form

Let L = — ([1 - t'2}x')'. On the interval / = [—1,1] this operator has the
selfadjoint form, except that the leading coefficient vanishes at the endpoints.
Show that, for all f,g e C 2 ( I , C ) ,

(b) Use (9.20) to show that the Legendre polynomials form an orthogonal
set. Compare with exercise 32 of Chapter 5.
(c) Show that the Legendre polynomials are a complete orthogonal set in
C(J,C) as follows. Suppose / € C(/,C) and (/, Pn) = 0 for all n = 0,1, 2 , . . . .
Show that this implies that (/, tn} — 0 for all n. Conclude that (/, sm(at)) =
0 = {/, cos(ot)) for any real constant a. Finally, use the completeness of
eigenfunctions for a suitable selfadjoint differential operator to conclude that

/ = o.

11. Suppose that /(«) e C 2 ([0,1],C) and /(O) = 0 = /(I),
(a) Integration by parts gives

Show that
(b) Use the fundamental theorem of calculus and part (a) to show that
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(c) Similarly, show that

implies that for t > 0

Obtain a similar inequality for t < 1 by writing

Use these two inequalities to show that

12. Suppose that /„ 6 C2([a,b],C] satisfies fn(a) — 0 — fn(b}. In addition
assume that {/„} and {/^} are Cauchy sequences in the norm || [[2. Use
exercise 11 to show that the sequences {/„} and {f'n} are Cauchy sequences in
the norm || ||co.
13. Let Lg = —x" with the domain

Use Theorem 9.10 and exercise 11 to show that if x € Dp then

14. The point of this exercise is to provide an indication of the proof for
Lemma 9.12. which asserted that given any f (E R ( I , C ) and e > 0, there exists
an, x € DQ c Dp such that
A result often found in more advanced texts (see [22, Theorems 10.33 and
10.38] or [21, p. 39, example 2, and p. 48, Theorem II.9]) is that the above
assertion is true if x is allowed to be a continuous function, and / is allowed
to come from the larger class of functions which are square integrable in the
Lebesgue sense. Assuming that the italicized statement is true for continuous
functions x, prove that it then follows for x e DO C Dp.
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Chapter 10

Control of Linear Systems
10.1

Introduction

The modern technical culture expends enormous effort in attempts to manage
complex engineering, ecological, and economic systems. Our last topic, control
theory, provides a mathematical approach to some of these system management
problems. Unlike most of the material in this book, much of control theory is of
recent vintage. Although large parts of the subject were technically accessible
for many years, the actual systematic development occurred in the middle of
the twentieth century, with important work in the basic linear theory appearing
as late as 1960 (see [13], [14]).
Two examples will initiate the exposition.
Example 1. Consider the following system of differential equations as a
(simple) model describing the interrelationship of a population W of a predator, and the population R of its prey. Suppose that there are populations
WQ, RQ for the two species at which the system is in equilibrium. Letting
NI = W — WQ and N<2 = R — Ry, the deviation of the populations from the
equilibrium value is modeled by the system of equations

Notice that the second equation includes a control u(t) with which the population of the prey can be adjusted. This control is assumed to be largely at
our disposal.
We are interested in the following types of questions. Suppose that the
populations start near the equilibrium value. Is it possible, simply by inserting
or removing prey, to bring the populations of both species to predetermined
levels and keep them there? How will our ability to bring the populations to
a target level be affected by constraints on the control u(t)l Is there a control
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strategy which will drive the populations to desired levels in minimal time, and
how can such a strategy be characterized?
A superficial analysis shows that there must be some conditions on the
matrix
before there is any hope of achieving such control. For instance, if 0-12 = 0
then the predator population will grow or decay without regard to what we do
with the prey.
Example 2. The second example is a mechanical system (see Figure 10.1)
consisting of N masses m i , . . . , m / v at positions x\ < ••• < XN connected
in a line by springs. In addition the first and last masses are connected to
walls at x = 0 and x = L. Suppose first that the masses are equal and the
spring constants are the same, so that there are no net forces acting on the
masses if the springs are equally stretched, or mn is located at nL/(N + l ) . We
introduce coordinates measuring the offset of each mass from its equilibrium
position. zn = xn — nL/(N + 1). In these coordinates the equations of motion
are

Figure 10.1: A system of springs and masses.
Our goal is to bring certain of the masses to rest, and hold them there,
by moving other masses. We may ask whether all the masses can be brought
to rest by applying forces to only a single mass or to the masses with odd
index. Another question is whether our ability to control the positions of
masses is affected by variation of the mass in time, such as might occur if
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some of the mass starts leaking out of the system like water from a hole in
the bottom of a pail. Dropping the assumption of equal masses and spring
constants, adjusting the coordinates to the initial equilibrium positions, and
putting controlling forces on each mass (some of which might be zero), we
obtain the linear system of equations

These examples motivate consideration of the general system of equations
with continuous matrix-valued coefficients,

where

The function U(t) is assumed to be piecewise continuous with values in 1ZM,
U € PC(I,TiM). For notational simplicity it will be convenient to let to = 0.
Usually the case / — [0, oo) will be assumed.
The function U(t) is called a control. The values of the control may be
restricted to a subset fJ C RM, called the control region. The controls U(t) may
be further constrained to belong to a class of functions called the admissible
control class U. Unless otherwise specified, the admissible control class will
consist of all piecewise continuous functions with values in f2. Equations with
piecewise continuous coefficients are discussed in section 7.4. In general the
goal will be to steer the solution X ( t ) into a set G(t) called the target by
suitably choosing the control U(t). To simplify the presentation the target set
will simply be the vector 0 6 72.jV.
The method of variation of parameters (Theorem 2.8) can be applied to
the problem of control for the nonhomogeneous linear equation (GLC). The
solution of the initial value problem has the form

where X(t) is the basis satisfying the initial value problem
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The approach to these problems will largely involve careful examination of the
form of the solution (10.4). The notation X = X(t;Xo,U) will be used to
emphasize the dependence of the solution X on the initial data or the control.
In this chapter it will be convenient to use (X, Y) to denote the usual dot
product for real vectors X, Y G TiN. The corresponding norm is \\X\\, and for
a matrix A,

10.2

Convex sets

In the subsequent discussion, some ideas from the study of convex sets will
be helpful. A subset Q of a real vector space is convex if [7, V G fl implies
wU + (1 ~ w)V G fi for all w G [0,1]. Our convex sets are assumed to be
nonempty. If Wj > 0 and Y^=\ wj ~ 1> saY tnat V = Y^j=iwjUj G Q is a
convex combination of the points Uj.
Lemma 10.1: Suppose that J7 c ~R.M is convex and U\,... ,Uj G f2. //
Wj > 0 and £/=i Wj = l, then S/=i wjUj G fi.
Proof: Without loss of generality, assume that each Wj > 0. The proof is
by induction on J, the case J = 1 being trivial. For J > 1 write

Since H/=2 wj/(Y*i=2 wi) = 1> the term 2I/=2 wj^i/(^i=2 wi) 'IS a convex com
bination of J — 1 elements of O, hence is in Q by the induction hypothesis.
Since X]/=2 wi = 1 ~ ^i) the definition of convexity implies Sj=i wjUj G J7.
If <S is a vector subspace of 72. and X G 7?, , then any set of point
T = X + S = {X + S\S G 5} is called an affine subspace of ftM. Th
dimension of T is defined to be the dimension of S. If dim(<5) = M — 1, then
T is called a hyperplane.
Suppose S is an (M — l)-dimensional subspace and that T = X + S is a
hyperplane. Let ft G 7?.M be a nonzero vector which is orthogonal to S, so that
S = {Y G ftM|(/3, Y) = 0}. Then if X + 5 G T we have (X + S,/3) = (X,(3).
Conversely, suppose that /3 ^ 0. Define 5 = {y G UM\(f3,Y} = 0}, and
consider the set of 1" G 7£M such that (Y, (3) — a. Choose a particular Y\
with (Yi,(3) = a. Then (Y - y l5 /3) = 0 so that y - YI G 5 and F G FI + 5.
Consequently the hyperplanes are exactly the level sets of the linear functions
obtained by taking the inner product with some nonzero /3 G 72. .
Suppose that X}, X2 G UM, Xl ^ X2. If /3 = X2 -X±, then (X2 -X^/3)^
0, so that (X 2 ,/3) / {Xi,,3}. Thus there is a linear function given by inner
product with /3 separating X\ and X%, or, geometrically, there is a hyperplane
containing X\ but not X-^.
Lemma 10.2: // f2 C *R,M is convex, then either f£ lies in a hyperplane
or fi contains an open subset of 'R- . // Q C 72. is convex, is closed under
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multiplication by —1, and does not he in a hyperplane, then Q contains an
open neighborhood o/O.
Proof: For the first part, it will be convenient to have 0 € fi; this can
always be achieved by subtracting a single vector from every element of f2,
and this translation process will not affect the result. If Q does not lie in a
proper subspace of 1Z, I then there must be [/i..... UM £ ^ which are linearly
independent. There is an invertible linear map L taking Uj to the standard
basis vector Er The function L is continuous, so the inverse image of any
open set is open. Take the inverse image of the set of points K in TLM (called
the standard open simplex) of the form

The set L"1^) will be a open subset of the convex combinations (see exercise 4) of the points 0, C / i , . . . , C/M, which gives an open set contained in f l .
For the second part, the linear map L will take the convex combinations
of ±Ui,...,±UM € 0 to the cube [-1,1]M, and L~l((-l, 1) A / ) will be the
desired neighborhood of 0.
Lemma 10.3: If tt C TIM is a convex set which is not equal to "RM. then
there is a vector (3 £ 1Z,M with \\13\\ = I and a real number a such that every
element X e Q satisfies (@,X) < a. For each Y 6 1ZM not in the closure of
£7, (3 and a may be chosen so that, in addition, (13, Y) > a.
Proof: First, observe that there is an open set V disjoint from Q. If a
translate of Q lies in a proper subspace of 7£A/ this is easy. If H does not lie
in a hyperplane, then by the previous lemma fi contains an open set W. Let
YQ e nM with YG i&.
Consider all the line segments

with midpoint YQ having one endpoint P in W. Since YQ ^ Jl the second
endpoint 2Y"o — P of each segment is not an element of fi. This collection of
endpoints forms an open set V disjoint from fi. As a consequence of this first
observation, there is a point Y which is not in the closure of O, which is also
convex.
Let Z be a point in the closure of H which minimizes the distance to Y
(see Figure 10.2). Let X G 0 be different from Z. and consider the function

Since this function has a minimum at t — 0, it follows that 0'(0) > 0. But
<x/(0) = 2(X - Z, Z - Y) so that (X, Z - Y) > (Z, Z - Y).
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Since Y is not in the closure of ft, the vector Y — Z satisfies (Y — Z,Y — Z) >
0 and

Choose

Figure 10.2: Constructing a separating hyperplane.
Recall that Z is a, boundary point of a set S in ~R,M if every open ball
centered at Z contains points of S and the complement of S.
Lemma 10.4: Suppose that Z is a boundary point of the closed convex set
ft C UM. Then there is a vector (3 <E UM with \\f3\\ = 1 such that for all X e ft

Proof: Since Z is a boundary point of ft there is a sequence of points {Yn}
in the complement of ft with \\Yn — Z\\ < l/n for n = 1,2, 3 , . . . . By Lemma
10.3 there are vectors /3n with \\/3n\\ = 1 and numbers an such that
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Since (ftn,Z) < an, the Cauchy-Schwarz inequality implies that the sequence {an} is bounded below by —11^11- Similarly, the inequalities

imply that the sequence {an} is bounded above by ||Z|| + 1. In addition, the
set of vectors in ~R.M with norm 1 is compact. Thus the sequence {£)n} nas
a subsequence {ftk} which converges to (3 e 'R.M with \\/3\\ = I and such that
lim/fc^ac ttfc = a.
For every X 6 ft,

On the other hand.

Since Z £ ft,
For any (nonempty) set A C 7?.A/, define the convex hull of A to be the
intersection of all convex sets containing A, so that the convex hull of A is
the smallest convex set containing A. Suppose that O is the set of all convex
combinations of points from A. It is easily seen that O is convex and that
every convex set containing A must contain O. Thus O is the convex hull of A.
If ft is convex, then we say that U is an extreme point of ft if

implies U = V = Z.
Lemma 10.5: //ft C Ti is a compact convex set which is contained in
an affine subspace of dimension N, then every X € ft may be written as the
convex combination of at most N + 1 extreme points o/ft.
Proof: If ft has only one point or if X is an extreme point, there is nothing
to show.
The proof proceeds by induction on the dimension N. If N = 1 then a
compact convex set is a point or a compact interval, so the result is immediate.
Suppose the result is true for K < N and let ft be a compact convex subset
contained in an affine subspace T of dimension N.
It will be convenient to work in 7^'v instead of T. First (see exercises 3 and
4), there is an Xp £ ft and an M x TV matrix L such that the functio y =
LY + Xp maps KN one to one and onto T. The set A = L~](ft - Xp) C N
is convex, and W is an extreme point of ft if and only if L - 1 (VF — Xp) is an
extreme point of A.
We first show that A has an extreme point. If A has at least two points.
Z\ and Z2, then there is a vector /3 G 7£jV such that ( Z \ , j 3 ) < (Z-2,fi). Since
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this function is continuous and A is compact, there is a subset of A where this
function takes its maximum value. The set of all Y e *R,N where the function
takes on this maximum is an affine subspace C of dimension N — 1. By the
induction hypothesis, A P• C has at least one extreme point Y\, and because
(Yi,/3) is maximal, Y\ must also be an extreme point of A (exercise 5).
For any Y e A the segment (1 - t)Yi + tY, 0 < t < 1, lies in A. Since A is
compact it has a boundary point Z — (1 — t\)Y\ + t\Y for some t\ > 1. Since A
is a closed set, Lemma 10..4 guarantees that there is a (3 € 7?.w with \\B\\ = 1,
and the function
is maximal at Z. Again using the induction hypothesis, Z may be written as
a convex combination of N extreme points V ^ , . . . , Y)v+i, and then Y may be
written as a convex combination of the extreme points Y\, ..., YN+IFinally, X = LY + Xp is a convex combination

10.3

Control of general linear systems

Returning to the system (GLC), define the controllable set at time t > to,

and define the controllable set to be C = \Jt>oC(t).
attainable set at time t > to as

Similarly, define the

and let the attainable set be K(Xo) = \Jt>0 K(t; XQ) . Say that (GLC) is
unconstrained if the admissible control class U = PC([0, oo),7£ M ). We begin
with a simple observation regarding the problem (GLC).
Lemma 10.6: Suppose that the admissible control class

is convex. Then for equation (GLC) the sets C(t) and K(t; XQ) are convex
subsets ofR,N.
If U is a vector space, then for the problem
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C(t) is a vector space.
Proof: Suppose that XQ,YQ G C(t\). Then there are piecewise continuous
functions t/o(t), t/i(i) € W and solutions X ( t ) , Y ( t ) of (GLC) such that

Multiplying the first equation by w, the second by (I — w), and adding yields
(wX + (l-w)Y)' = A(t)(wX + (l -w)Y) + B(t)(wU0(t) + (l-w)Ui (t)) + F(t).
Observe that Z ( t ) = wX + (1 - w)Y, with initial data wX0 + (1 - w)Y0,
is driven by the control wUo(t) + (1 — w)U\(t) to the target, i.e., Z(ti) —
wX(ti) + (l-w)Y(ti) = Q.
The arguments for the convexity of K(t; XQ) and the second part about
C(t) being a vector space are analogous.
The main subject for this section is the system of equations

The first problem is to find a piecewise continuous control U(t) which will steer
an initial value XQ to the value 0 for some t > 0.
Let X(t) be the matrix-valued function satisfying

Using the variation of parameters formula (Theorem 2.8). the solution of (LC)
can be written as

If X(*i) = 0 , then

Take the inner product in TtN with any vector Z to get

In view of (10.6) it is not surprising to find a relationship between the sets
C(t\) and the ranges of the linear mappings X" 1 (s)B(s). For notational convenience, define Y(s) = X~ 1 (6')B(s). Let V(t\) be the vector space spanned
by the range of Y(s) (that is, the column spaces) for 0 < s < t\. That is.

314

Linear Ordinary Differential Equations
Theorem 10.7: For the unconstrained control problem (LC),

Proof: Suppose that Z € V(ti)^; that is,

Then the integrand for

is zero. Consequentl0 £ C(*i), then by (10.6) it follows that XQ ey, if X
V(t1)^ = V(t1).
Conversely, suppose that XQ € ^(^i)- We want to show that there is a
control U(s) such that

In fact the control U(s) can be found among the piecewise constant functions.
Let V " i , . . . , VK be a basis for V(ti). By hypothesis there are vectors Uj^) such
that

For e > 0 define vectors

Notice that by the continuity of Y(.s) = X" 1 (s)B(s) we have

We claim that for e sufficiently small the vectors Wk(e) are a basis for V(ti).
Writing the integrals denning Wk(f] as limits of Riemann sums, note first that
the Riemann sums are elements of V(ti), and since V(ti) is a closed subset of
~R,N, so too are Wfc(e).
To see that the vectors Wk(e) are linearly independent for € sufficiently
small, write each VKfc(e) as a linear combination of the vectors Vj,

The coefficients Cj ; fc(e) are continuous functions of e, and letting Sjtk be the
Kronecker 6.

Control of Linear Systems

315

This means that det(cj i fe(e)) —> 1; by continuity det(cj,/t(f)) > 0 for e sufficiently small. This implies that for e small the dimension of the span of
(Wfc(e); k — 1 , . . . , K} is K, so the vectors are linearly independent.
Picking an e > 0 with Wfc(e) a basis for V(ti), we can then write

so there is a piecewise constant function U(s) such that

It now follows from (10.5) that X ( t - \ ) = 0.
As an example, consider the forcing of a simple harmonic oscillator,

which is equivalent to the first-order system

In this case

It is easy to verify that

and

For any t > 0 the vector space V(t) = 'R2, which means that the harmonic
oscillator can be forced to the position 0 and velocity 0 state as quickly as you
like, provided of course that there are no constraints on the control u. This
example will also serve to illustrate the next set of ideas.
Say that the system (GLC) is proper if

for all s in some open interval implies that Z = 0. This condition is equivalent
to saying that the N rows of Y(,s) = X~ 1 (,s)B(,s) are linearly independent
7£J -valued functions on every open interval.
Corollary 10.8: // the unconstrained system: (LC) is proper, then C(t) =
N
U for all t > 0.
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Proof: If the system (£C*) is proper, there cannot be any nonzero vector
Z which is orthogonal to the range of Y(s) for all s in an open interval. Thus
for all t > 0 we have

so V(t) = C(t) = TIN.
If the coefficients A(£), B(t) of (iC*,) are analytic, then so too will be any of
the component functions of ZY(s). Since an analytic function can vanish on
an interval only if it is identically zero, a system LC with analytic coefficients
will be proper if the rows of Y(s) are linearly independent on some open
interval. Such a system can be shown to be proper by examining the behavior
of derivatives of A(£) and B(i) at t = 0 (see exercise 10).
There is another approach by which the system (LC) may be analyzed.
Define Wft) : ft^ -> KN by

W(t) is a real symmetric N x N matrix, and

so that all eigenvalues of W(£) are nonnegative. Notice that Y*(,s) : 7£A —>• 7£M
and that if B(s) is (piecewise) continuous, so is Y(s). Thus we can construct
controls U(s) by fixing Z e 7iN and letting

It follows easily that the range of W(£) is a linear subspace of C(t).
Suppose that Z e C(t), which is orthogonal to the range of W(i). Then

so that
As a consequence,

for all piecewise continuous U(s). But since Z € C(t) there is some control U
such that
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Taking the inner product with Z yields

and thus Z — 0. This establishes the following result.
Theorem 10.9: For the unconstrained problem (LC), the range of

is equal to C(t).
As an example, the function W(t) may be computed for the harmonic
oscillator system.

In this case
so that

It is not difficult to check that det(W(t)) > 0 for t > 0. Thus the range of
W(t) = ft2 for all t > 0.
So far the controls U(s) have been unconstrained. Having gained some
understanding of when it is possible to drive every initial vector XQ to zero,
we ask when it is possible to do this with piecewise continuous controls lying
in a bounded set Ji C KM which contains a closed ball of radius R > 0
centered at the origin. One approach, which can be useful in many cases,
divides the problem of steering initial data to 0 into two parts. The first part
is to understand when a small ball of initial values at time to can be steered
to 0 at time to -\-1. The second part is to let the equation with control U = 0
drive the solution close to zero.
Let
w(t) is of course a nonnegative nondecreasing function of t. Let

Theorem 10.10: For the problem (LC), if £1 contains a closed ball of
radius R > 0 centered at the origin and w(t) > 0, then C(t) contains the
closed ball of radius w(t}R/y(t).
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Proof: Let Z e *R.N be in the closed ball of radius R/y(t). Use as controls
the functions U(s) = ~Yt(s}Z, which by the definition of y(t) are admissible.
Using such controls gives

Now W(t) is a linear transformation on *R,N with an orthonormal basis of
eigenvectors and eigenvalues at least as large as w(t). Thus the set of vectors
W(t)Z includes a closed ball of radius w ( t ] R / y ( t ) . Consequently, any XQ e
*R,N in this ball can be steered to 0 by an admissible control in time t.
In connection with this last result, two observations are noteworthy. First,
suppose that A(t) and B(t) are constant, and that C(t) does contain a ball of
positive radius. Then the size of the ball of initial values at time to which can
be steered to 0 at time to + t is independent of to. Similarly, if A(t) and B(t)
are periodic and C(i) contains a ball of positive radius, then for arbitrarily
large to the same ball of initial values at time to can be steered to 0 at time
t0 + t.
Within this circle of ideas, the second ingredient is a set of conditions on
A(t) implying that all solutions of

converge to the zero vector as t —» oo. Transposing equation (10.9) leads to

Multiplying equation (10.9) on the left by -X" f (t) and equation (10.10) on the
right by X ( t ) yields, respectively,

Adding these equations we find that

Appropriate conditions on A(t) will guarantee that every solution has limit
zero as t —> oo.
Theorem 10.11: Suppose that there is an e > 0 such that the real symmetric matrix A(t) + A*(t) satisfies
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Then every solution X ( t ) of

satisfies
Proof: From equation (10.11),

There is no loss of generality in assuming that ||X(t) || 7^ 0. Dividing both sides
of the inequality by |X(t)|| 2 yields

Thus
and exponentiating we find that

10.4 Constant coefficient equations
As we demonstrated in Chapter 3, linear systems with constant coefficients are
explicitly solvable. It is not surprising then that detailed information about
control can be extracted for the linear autonomous control problem,

where the matrices A , B are constant. Notice that example (10.1) is of this
type, as is (10.2) after it is converted to a first-order system. For the problem
(LAC) the variation of parameters formula has the more explicit form

Thanks to this explicit form it is possible to develop a more explicit description
of the cases where C = 72.^ . Define the controllability matrix

Theorem 10.12: The controllable set of the unconstrained problem (LAC)
is C = Ran(M], and in particular C = TIN if and only if M has rank N.
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Proof: By Lemma 10.6 the controllable set C is a vector space, so it suffices
to understand C±. Suppose that V _L Ran(M), that is V _L Ran(A B) for
k = 0 , . . . , N — 1. By the Cayley-Hamilton theorem, the matrix A satisfies
its characteristic polynomial, which implies that AN is a linear combination of
I, A , . . . , A^-1. This in turn implies that V _L Ran(AkB) for k = 0,1, 2 , . . . .
Writing

and taking the inner product with V, we find that for all Z 6 TIM

for all t, and so V e C1 by Theorem 10.7.
Suppose conversely that V 6 C1, which by Theorem 10.7 means V €
Ranfe-^B)1- for all t > 0. Then

But if a convergent power series vanishes on an open interval, then each coefficient is zero, so V _L Ran(Ak&) for k = 0 , . . . , JV - 1.
Trying to drive initial data to 0 is a more interesting problem when the
control U must sit inside a bounded set. To get a feel for the problem it will
help to consider the simple case when A is a diagonal matrix. Then (10.12)
takes the form

Suppose that Re(Aj) = p,\ > 0 is maximal. Since U(s) is bounded, there is a
constant c\ such that

There is, however, no constraint on the vector XQ. By taking
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for C2 sufficiently large, we cau ensure that X ( t ) never vanishes. At least in
this case, a bounded control cannot drive arbitrary initial vectors to 0 if the
eigenvalues of A have positive real part.
Within the context of constant coefficient equations, the next theorem will
describe exactly when it is possible to drive arbitrary initial data to 0 with
bounded controls U. It will be convenient to first prove a technical lemma.
Suppose that Pj(t) denotes a polynomial.
Lemma 10.13 : // a linear combination

is not identically zero and Re(Aj) < 0, then there are 6,e > 0 and an infinite,
sequence of pairwise disjoint intervals {//t} C (0. oo). with length(Ik) > 6, such
that \g(t)\ > f. for all t E Ulk.
Proof: Write Aj = p,j + ii/j, with [J,j,i>j real. First extract from g the
function g± consisting of those terms for which Re(—Aj) is maximal. This
function may be assumed to be nonzero somewhere, and so we may extract
from g\ the function g^ which is riot identically zero and which contains all
powers tr of maximal degree. This function has the form

Since —/u > 0 and

it clearly suffices to prove the lemma for

which is not identically zero.
Notice that the derivative

is uniformly bounded for t £ ~R.. By the fundamental theorem of calculus.

Thus for any e > 0 there is a.6 > 0 such that \t-s\ < 6 implies \f(t) — f ( s ) \ < c,
with 6 independent of t. To show that \f(i)\ is large on a sequence of pairwise
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disjoint intervals, it thus suffices to show that \ f ( t n ) \ > 3e/2 for a sequence of
points tn —> oc.
Let t\ be such that

If Vj = 0, then exp(ziA,£) is constant, and such terms will not influence the
selection of the sequence {tn}. For Vj ^ 0, each function exp(ivjt) is periodic
with period IKJVJ. Because of this periodicity, the value of the function f ( t )
is determined by the vector

which has values in the Cartesian product of circles Si x • • - x Sj, where circle
Sj has radius 1/i/j
Since this product of circles is compact, the sequence of vectors V(m),
m — 0 , 1 , 2 . . . . , has a convergent subsequence. Thus for any 6 > 0 there
is a positive integer mo, and an increasing sequence of positive integers mn
such that the distance from V(m n ) to V(mo) is less than 6. In other words
V(rnn — mo) is no more than 8 from ( 0 , . . . ,0). Since this implies that each
of the exponentials exp(iz/j[ii + mn ~- mo]) can be made as close as we like to
exp(ii/j£]). it follows that f(t\ + mn — mo) can be made as close to f ( t \ ) as we
like.
Theorem 10.14: Suppose that the control region fJ is a bounded set. If
C — 7iN. every eigenvalue X of A. satisfies He(X) < 0. Conversely, if fi
contains an open ball centered at 0, every eigenvalue X of A. satisfies Re(A) < 0,
and the controllability matrix M has rank N, then C = 1ZN.
Proof: The proof is based on a careful analysis of (10.12). The first simplification is to show that A. can be assumed to be in Jordan canonical form.
Writing A = Q -1 JQ, equation (10.12) becomes

or

This is just the solution for the equation for Z = QX,

The form of exp(Ji) was established in Theorem 3.10:
exp(Ji) = diag(exp(Ji*),..., exp(J g t)),
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where

Suppose that the eigenvalue AI of A has positive real part m and that no
other eigenvalue has larger real part. First we get a growth estimate on the
integral term in (10.13). Since O is bounded there is a constant K such that
|f/(,s)| < K. Thus there is a constant c\ such that

Repeated integration by parts shows that the last term is bounded by

By increasing c\ the inequality

will hold for all t > ( ) .
By virtue of the form of exp(Ji), there is vector

such that

If C'2 is large enough then for all t > 0

so that Z ( t ) ^ 0 for all t > 0. Since X = Q 1Z, the same conclusion holds for
X. This establishes the first part of the theorem.
Suppose, conversely, that H contains an open ball HI centered at 0, every
eigenvalue A of A satisfies Re(A) < 0, and the controllability matrix M. has
rank N. We will show that for any initial value ZQ there is a control U(s) G DI
and a t > 0 such that Z ( t ) = 0.
Replace the control region 17 with the smaller convex control region fii. By
Lemma 10.6 the sets C(t) are convex for t > 0. Also note that if 0 < s < t,
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then C(s) C C(t), since once a solution X ( t ) hits 0 we can keep it there by
extending the control U to be 0 thereafter. Since the sets C(i) are an increasing
collection of convex sets, C is a convex subset of 7^. If C / HN then there
must be a vector j3 e *R,N such that Z G C implies {/?, Z) < a for some a > 0.
We will show that the hypotheses preclude the existence of such a vector.
From (10.12) the vectors Z 6 C are just the vectors having the form

for some t > 0 and U an admissible control. We want to show that the
condition

cannot be satisfied for all admissible controls U. The hypothesis that the
controllability matrix M has rank N is equivalent to saying that

This means that V(s) — ,3T exp(—As)B e H,M is not identically zero. Moreover the form of exp(—As) implies that each component of V is a real function
which is a linear combination Y^jPj(s) exp(—A^s), where the PJ(S) are polynomials and the Aj are the eigenvalues of A.
An admissible control U(s) is constructed as follows. Suppose the mth
component of V(s) is not identically zero. Take all components of U(s) except
the mth identically zero. Appealing to Lemma 10.13, the remaining component
of U is chosen to be 0 off the intervals 1^ and is a small nonzero constant on each
Ik- By suitable choice of these constants the function — /3 r exp(—As)BC7(s)
can be made positive and bounded below uniformly on the intervals 7^; thus

can be made arbitrarily large.

10.5

Time-optimal control

Given that there is a control steering an initial vector XQ to 0, one is naturally
interested in understanding the control which is best in some suitable sense. It
is also important to characterize the optimal control, since from an engineering
viewpoint the mere theoretical existence of an optimal control has limited
utility. This section introduces the subject of time-optimal control, in which
the goal is to steer XQ to 0 in minimal time.
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In most treatments of control theory these problems are addressed with
mathematically sophisticated tools, including Lebesgue's theory of integration
(sec [6, 14, 15]). Such a treatment allows controls U(i) which are more general
than the piecewise continuous functions we have considered. Since this section
is intended to be introductory, the results are described in a more elementary
context, with the intent to give an indication of the types of results and the
techniques which may be employed.
Throughout this section the control region 0 is a compact set.
To begin, consider controls U(s) which are continuous functions. 0 < s < t.
Recall that a collection of functions is (sequentially) compact if every sequence
has a convergent subsequence. The Ascoli-Arzela theorem, stated in section
9.2 (see [17, p. 273]), describes the compact sets of continuous functions on the
closed interval [0. t].
Compactness of a family of continuous functions is often encountered when
there arc uniform bounds on the derivatives of the family. This idea can be
relevant for control. Think of a problem such as controlling the motion of a
car by turning the steering wheel. Here a bound on the derivative is a bound
on how fast we can change the position of the wheel.
For technical reasons it will be convenient to introduce an idea a bit more
general than differentiability. Assume that the admissible class of functions
U consists of the continuous functions U : [0. oc) —» TLM such that on each
interval [0,t] there are constants K\ and K^, possibly depending on t but
independent of t/, such that our controls satisfy

The first condition says that fi is the closed ball of radius K± in 1Z,M. The
second condition is called a Lipschitz condition on the function U. Notice that
if U is diffcrentiable at a point s, then the Lipschitz condition implies that the
derivative has norm bounded by K^. It is not difficult to verify that on each
interval [0. t] a collection of functions satisfying these conditions with fixed
constants K±, KI is bounded, closed under uniform limits, and equicontinuous,
so by the Ascoli-Arzela theorem the collection of functions is compact. It is
also a simple exercise to show that U is convex.
For this class of controls it is not difficult to show that if there is a control
steering XQ to 0, then there is a control in the class which does this in minimal
time.
Theorem 10.15: Suppose thai there is some ti > 0 such that the problem
(GLC) can be. steered to 0 by a Lipschitz control U € U. Then there is a
minimal t* and a control U*(t) € U such that the control U* steers XQ to zero
at time t*.
Proof: Let t* be the infimum of the set of t such that there is a control
U € U steering XQ to 0. Thus there is a sequence of times tn decreasing to
t* and controls Un e U such that Un steers XQ to 0 at time tu. If we restrict
the set of controls to the interval [0, ii], then this set of controls is compact
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by hypothesis, so the sequence Un has a subsequence Un^ which converges
uniformly to a function U* = Hindoo Un^) £ U. Since the value X(t) depends
continuously on U (Theorem 7.6), it follows that X ( t * ] X o , U * ) = 0.
It is interesting to try to understand the structure of such an optimal
control. In this case the optimal control U(t) either lies on the boundary of O
or else U is moving as quickly as possible between points on the boundary of
£7. To establish this result, a technical lemma is first proved. Recall that the
attainable set at time i is

Lemma 10.16: Ij the attainable set K(t\_\XQ) at time ti contains an open
neighborhood o/O, then so does K(t; XQ) for t < t\ and t\—t sufficiently small.
Proof: The neighborhood of zero in K(t\) contains a set 5 (an Af-simplex),
which is the convex hull of points Xn(ti) for n = 1 , . . . , N + 1, and with the
origin in its interior. Let Un(t) be controls steering XQ to Xn(t). With these
controls fixed, the Xn(t) are continuous functions of t, so the origin remains
in the interior of the simplex with vertices {Xn(t)} for t near t-\. By Lemma
10.6, the simplex is therefore in K ( t , X ( j ) .
Theorem 10.17: Suppose the problem, (GLC) is proper and has a timeoptimal Lipschitz control U € U with optimal time t*. Then, for each 0 < t <
t*, either \U(t)\ — K]_ or, for any open interval 1 C (0, t*) containing t,

Proof: Suppose to the contrary that U is a control steering XQ to 0 at
time t* > 0 and that for some 0 < t < t* the function £7(to) satisfies both
\U(t}\ < KI, and there is a KS < K% such that, for all s sufficiently close to t,
\U(t)-U(s)\<K3\t-S.
The control U will be modified by the addition of terms U. Notice that
any sum U + U will be admissible if we pick a sufficiently small neighborhood
/i of t such that U vanishes outside of /i and if there are sufficiently small
positive constants Ci,C^ such that \U\ < C\ and \U'\ < C^. Let U be such a
set of controls C7, and note that U can be chosen to be convex and closed under
multiplication by — 1. We want to show that the addition of these controls in
U means that K(t*) includes an open neighborhood of 0.
If X(t) is the solution of (GLC) with the optimal control U, then since
X(t*) = 0, the attainable set at time t* contains all vectors of the form
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Since X(i*) is an invertible linear transformation, it suffices to show that the
convex set of vectors
includes an open neighborhood of the origin.
If r/ e KN, then

Since the system is proper, if 77 / 0 the continuous function rj Y(s) is not
identically zero on the small neighborhood of /;, and thus there is an admissible
f/(,s) so the integral is not zero. Since U is closed under multiplication by — 1,
it follows from Lemma, 10.2 that the set K(t*) includes a neighborhood of the
origin.
Finally, by Lemma 10.16, for t < t* and sufficiently close, we still hit an
open set containing 0. so that our control is not optimal, a contradiction.
If all constraints on the rate of change of controls were removed, then
Theorem 10.17 would suggest that an optimal control U(t) should always lie
on the boundary of the control region. Our final result is along this line.
Assume now that the control region 0 is a compact convex set. A control U
is called a bang-bang control if U(t) is always an extreme point of Jl. Say that
U G PCBB if U is a piecewise constant bang-bang control.
Theorem 10.18: Suppose that i) is a compact convex set, and the problem
GLC has a piecewise continuous control steering XQ to 0 at time T. Then for
every e > 0 there is a piecewise constant bang-bang control such that \X(T}\ <
e.
Proof: The proof begins with several simplifying observations. Since XQ
can be steered to 0 in time T with a piecewise continuous control U, the
variation of parameters formula (10.4) for (GLC) leads to

Since X(t) is continuous if U is piecewise continuous, (10.4) also shows that
the theorem will be established if for every e > 0 there is a piecewise constant
bang-bang control U such that

Since U(t) is piecewise continuous, there are points Tj, j = 0 , . . . , J such
that 0 = TO < TI < • • • < Tj - T, with U(t) continuous on [Tj,Tj+i]. Since
the collection of intervals [Tj,T+i] is finite, the proof can be further reducedj
to showing that for every f > 0 there is a U € PCBB such that
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Recall [17, p. 215] that on a compact interval [Tj.Tj+i] the continuous
function U(t) is uniformly continuous; that is, for every e > 0 there is a 6 > 0
such that for all s,t € [T.,-,r.,-+1], \t - s\ < 6 implies \U(t) - U(s)\ < e. This
implies that for any fj, > 0 there is a set of points tk, k = 0 , . . . , K with
TJ = tQ <ti < ••• <tK = TJ+I such that if U\(s) = U(tk), tk < s < t fc+1 , then

By Lemma 10.5, /7(tfc) may be written as a convex combination of extreme
points Em € f2,

Thus

Now the interval [<fci*fc+i] is partitioned into subintervals [r m ,r m+ i] such
that
On the interval [£fc>tfc+i] replace the constant control U(tk) with the control
which stays in the state Em for a time determined by the weight wm. That is,

Observe that

The term which we want to be small is
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where the identity (10.15) has been used. By refining the partition Tj = to <
ti < • • • < tx = Tj±i if necessary, this can be made as small as desired.

10.6

Notes

The reader looking for more information on control theory can consult [15]
or [28]. A more comprehensive treatment is [14]. The short book [6] is also
interesting.

10.7

Exercises

1. Suppose the target set is a curve, G(t) = g(t) for some continuously
differentiable function g ( t ) . Reduce this problem to one of the form (GLC),
where the target is G(t) = {0}.
2. Show that if J2 C Ti is convex, then so is the closure of O.
3. Suppose that V is a A'-dirnensional linear subspacc of RN. Show that
there is an N x K matrix L which maps RK one to one and onto V. (Hint:
Let the columns of L be a basis for V'.)
4. Suppose that L is an N x K matrix with linearly independent columns
andp € RN. X
(a) Show that A C RK is convex if and only if

is convex in R^ .
(b) Show that Y €E A is a convex combination

if and only if LF is a convex combination of the points ~LZj.
(c) Show that Y is an extreme point of A if and only if LYp is an + X
extreme point of f2.
5. Suppose that 13 e RN, and fi C R^ is convex. Assume that

Show that if Z is an extreme point of
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then Z is an extreme point of J7.
6. Suppose that

(a) Show that A is convex and the extreme points of A are the points (x, y)
such that x2 + y2 = I .
(b) Show that every point of A can be written as a convex combination of
two extreme points.
(c) Show that A cannot be written as the convex hull of a finite set of its
extreme points.
7. Consider the scalar equation

x' = a(t]x + b(t)u, a,b€C([Q,oo),n),
with admissible controls U — {u € C([0, oo),7£)}.
(a) Give necessary and sufficient conditions for C(t) = 'R, for all t > 0.
(b) When is the equation proper?
(c) Suppose that U == {u € C([0, oo),7£) u(t}\ < 1}. Give conditions
implying C = 72..
8. Consider the scalar equation
x" = ~kx + u,

k>0.

(a) Write the equivalent first-order system.
(b) Find the controllability matrix and its rank. Apply Theorem 10.12.
(c) Apply Theorem 10.14 to analyze this problem if

9. Discuss the control of Example 1.
(a) When can the population be driven back to equilibrium with unconstrained controls?
(b) What do solutions of (10.1) look like when u is absent and the eigenvalues of A have rioripositivc real parts?
(c) Suppose that the control satisfies \u(t)\ < K. When do we then expect
to be able to drive any perturbation of the population from equilibrium back
to the equilibrium?
10. Consider the system LC with analytic coefficients. Showing that the
system is proper requires showing that

for all t in some open interval implies that Z = 0.
(a) Show that if the rank of the matrix
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is AT, then the system (LC) is proper. (Hint: Use Taylor's theorem.)
(b) Show that the matrix

depends only on the values of A^O) and B^(i) for 0 < n <N~l.
11. Suppose that the coefficient A(t) for the system (LC) is a diagonal
matrix function and that B(£) = B is a constant N x 1 matrix. Compute the
value of W(t) in (10.8).
12. If the matrix A G M^(Ti) is symmetric, show that the hypothesis of
Theorem 10.11 is satisfied if and only if all the eigenvalues of A are negative.
13. Interpret the Lipschitz condition (10.13) graphically when U : "R, —> K.
14. Let U be the set of functions U on [0, t] such that there are constants
KI and K-2- independent of U, and

Show that U is convex.
15. Suppose that the admissible class of controls consists of functions p(t)
which on each interval [j, j; + 1), j = 0 , 1 , 2 , . . ., are polynomials of degree at,
most K,

and such that \c.j^\ < 1- If T > 0, show that there is a control U* in U and a
solution X * ( t ) such that
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defined, 21, 308
Airy equation, 141, 154, 216
Algebraic multiplicity of eigenvalues, 58, 62, 65, 71
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Ascoli-Arzela theorem, 287, 325
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Bang-bang control, 327
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series expansion, 52-53
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Legendre equation, 143-144
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Bessel functions, 279, 196-197, 199-201
Bessel's inequality, 291-293, 297
(3 (boundary operator), 253
Binomial coefficients, 78
Block diagonal matrix, 71
Boundary conditions
for heat equation, 245, 276
periodic, 254, 256
selfadjoint, 254-255, 278
separated, 255, 257, 278
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Boundary matrix, 253
Boundary operator /?, 253
Boundary value problems, see Eigenvalue problems
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uniform, 287
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Characteristic exponents, 98-99
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constant, 49-91
Fourier, 282, 297-298, 301-302
method of undetermined, 90
periodic, 93-117
Cofactor, 42
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Compartment systems, 1-5, 19, 93-94, 111
Completeness of a metric space, 123
Complex conjugate, 81
Confluent hypergeometric equation, 205
Conjugate matrix, 68
Conjugate transpose, see Adjoint
Conservation
of electric charge, 9
of energy, 10
of mass, 2, 3
Constant coefficient equations, 49-91
Continuity
equkontinuity, 287
of matrix-valued functions, 24-25
piecewise, 234, 236
of solutions to initial value problem, 231-234
Contraction, 242-243
Control
bang-bang, 327
Lipschitz, 325-326
Control class, admissible, 307, 312, 325
Control region, 307
Control theory
systems with constant coefficients, 319-324
systems with continuous coefficients, 307-308,
315
time-optimal control, 324-329
unconstrained control problems, 314-319, 330331
Controllability matrix, 319, 322-323
Controllable set, 312
Convergence
absolute, 124-126, 131
eigenfunction expansions, 291-295
Fourier series, 292-293
in a normed vector space, 122, 124-126
pointwise, 224-225
series expansions, 120-131
successive approximations for constructing a
fixed point, 223-231
tests of, 131-132

Index
uniform, 128, 224-225
Convex combination, 311
Convex hull, 311, 330
Convex set, 308-312
Derivative
of matrix-valued functions, 24-25
of power series, 132-134
of product of functions, 78
Determinant, 30-31, 37, 54, 82, 88
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Diagonal matrix, 71
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Homogeneous differential equations; Initial value
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Differential operators
boundary operator /3, 253
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Euler, 211-212
Green operator G, 274-275, 282-284, 288-291
integral operator G, 284-288
with periodic coefficients, 113
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second-order eigenvalue problems, 251-261
selfadjoint operator La, 253-261, 266-275
eigenfunction expansion, 281-283, 288-291,
294-297
Sturm-Liouville operator, 255, 257
Differentiation, see Derivative
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Discrete set, 262
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boundary value problems, 246-249, 281-298
of Green operator, 283, 288-291
of selfadjoint operator, 255, 257, 260-261
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heat equation, 245-249
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algebraic multiplicity of, 58, 62, 65, 71
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defined, 58
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of Green operator, 283, 288-291
of heat equation, 246-249
of homogeneous system
with periodic coefficients, 97-98, 112
with singular points, 166-183
as multipliers, 97-98, 111
of nonhomogeneous system, 113
of selfadjoint matrix, 250, 283
of selfadjoint operator, 256-257, 260-261, 281283, 288-291, 294-297
simple, 256, 257
of spring and mass system, 7-8
in Sturm-Liouville problems, 263
and trace, 88
Eigenvectors
of constant matrix, 58-70
defined, 58
of selfadjoint matrix, 250
Electrical circuits, 9-12, 15-17
Equicontinuity, 287
Euler constant 7, 201
Euler differential operator, 211-212
Euler equation, 189-190, 204, 211
Euler formula, 8, 13
Existence and uniqueness of solutions to initial
value problem, 221-236
Existence and uniqueness theorem, 25-26, 35-36,
229-231
Exponential of a matrix, 52-59, 68-74, 81-82
Jordan canonical form, 70-74
periodic coefficients, 95-97
primary decomposition theorem, 62-64
series expansion, 52, 120-121, 126-127
Extreme point, 311, 329-330
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Fixed point, 222-232, 243
Floquet's theorem, 94-95
Fluid flow in compartments, 1-5, 19, 93-94, 111
Fourier coefficients, 282, 297-298, 301-302
Fourier series, 282, 292-293
Functions, see a/so names of specific functions
addition of, 24, 136
analytic, 130-136
derivative of, 24-25, 78
Fourier coefficients of, 282, 297-298, 301-302
integral of, 130
matrix-valued, 24-25, 130, 135-136
multiplication of, 24, 102, 113, 136
piecewise continuous, 236, 295
Riemann integrable, 295
Fundamental matrix, 29
G (Green operator), 274-275, 282-284, 288-291
G (integral operator), 284-288
7 (Euler constant), 201
F (gamma function), 199-200
Geometric series, 132, 219
Green operator G, 274-275, 282-284, 288-291
Green operator identity, 300
Green's formula, 252, 256
Green's functions, 269-275
Gronwall's inequality, 241-242
Harmonic oscillator, see Spring and mass systems
Heat equation, 245-249, 276, 300
Hermite equation, 156-157
Hermite polynomial, 157
Hill's equation, 105, 116-117
Homogeneous differential equations, see also names
of specific equations and problems
behavior for large t, 74-76, 98-100, 202-205
boundary value problems, 245-266
characteristic polynomial, 186-187
first-order, 25-32
associated with higher order system, 34-36,
76-80, 140, 186
characteristic exponents, 98-99
with constant coefficients, 49-91, 119
initial value problem, 222-223, 242
with periodic coefficients, 94-100, 111-112,
114
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series solution, 51-52
with singular points, 166-183
second-order
with analytic coefficients, 141-150, 155-157
initial value problem, 236-240
with periodic coefficients, 105-107, 116-117
with singular points, 189-205, 211-218
nth-order
with constant coefficients, 36, 76-80
with singular points, 185-190
power series expansions, 51-52, 119, 139-144,
155-157
Hypergeometric equation, 205, 218-219
Hypergeometric series, 218-219
Hyperplane, 308-309
/(interval), 24-25
Identity matrix, 23
Indicial polynomial, 188, 191
see a/so Characteristic polynomial
Bessel equation, 192, 195
Euler equation, 189
Wronskian, 193
Induced equation, 202-205
Infinity, as singular point, 202-205, 217-218
Initial-boundary value problems, see Eigenvalue
problems
Initial conditions, defined, 221
Initial value problems, 26, 221
continuity of solutions, 231-233
control theory, 307
existence and uniqueness of solutions, 226-231
first-order, 221-236, 242
second-order, 236-240
integral equation for, 234-240, 242
Inner product

(6 rj) on C, 102
(/, 5) on Cp(ft, C"), 113
(/, g) on R(I, V, 295
(X, Y) on JF", 249-251
(X, Y) on U", 308
(x, y) on CU O, 252, 281
Integral
Lebesgue, 299
of Legendre polynomials, 158-160
of matrix-valued functions, 25, 130
of power series, 132-134

Index
selfadjoint eigenvalue problem, 260
Integral equation for initial value problem, 234-242
Integral operator G, 284-288
Inverse image, 309
Inverse matrix, 23, 30, 33
Jordan canonical form
control problems, 322
defined, 70-74
and indicial polynomial, 188
and logarithm of a matrix, 95-96
in system with periodic coefficients, 98-99
in system with singular points, 167, 180
Jordan canonical form theorem, 71
Kernel, 269, 284, 290, 300
Kirchhoff s laws, 10-11
Kronecker 6, 23
I1, 298-299
L (differential operator), see Differential operators
Lp (selfadjoint operator), 253-261, 266-275
eigenfunction expansion, 281-283, 288-291,

294-297
Lagrange identity, 252
Laguerre equation, 213
Laguerre polynomials, 213-214
Lebesgue integral, 299
Legendre equation, 142-150, 157-158, 218, 302
associated Legendre equation, 161
recursion relation, 213
series expansion, 142-144
singular points, 211
Legendre functions
associated Legendre functions, 161
of the first kind, 147
of the second kind, 147-150
Legendre polynomials, 145-147, 157-160, 302
Linear algebra, basic operations, 20-25
Linear combination, defined, 21
Linear independence, defined, 21
Linear ordinary differential equations, see Eigenvalue problems; Homogeneous differential
equations; Initial value problems;
Nonhomogeneous differential equations; and
names of specific equations and problems
Lipschitz condition, 325

Index
Lipschitz control, 325-326
Logarithm of a matrix, 95-97
Lunar motion, 105
Mmn(J), Ma(f), 22
Mass and spring systems, 5-9, 19-20, 94, 306-307,
315-316
Mathieu equation, 105, 214
Matrix
addition, 22, 24, 136
adjoint, 42, 81, 102, 249-250
basic properties, 22-23, 174-175
block diagonal, 71
boundary, 253
characteristic polynomials, 58-59, 69, 76-77,
174-175, 186-187
complex conjugate, 81
conjugate, 68
constant coefficient, 49-91
controllability, 319, 322-323
derivative of, 24
determinant, 30-31, 37, 54, 82, 88
diagonal, 50, 71
discriminant of, 84
eigenspace of, 62
eigenvalues of constant, 58-70
eigenvectors of constant, 58-70
exponential of, 52-59, 62-64, 68-74, 81-82
series expansion, 120-121, 126-127
fundamental, 29
identity, 23
integral of, 25, 130
inverse, 23, 30, 33
Jordan canonical form, see Jordan canonical form
logarithm of, 95-97
multiplication, 22
nilpotent, 72
nullspace, 23, 40
range, 23, 40
real and imaginary parts, 68
selfadjoint, 42, 250, 283
skew hermitian, 42, 82
skew symmetric, 82
solution, 29-30
square, 22, 33, 42
trace, 31, 88, 277
transpose, 81
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Matrix-valued functions, 24-25, 130, 135-136
Medical applications of differential equations, 4-5
Method of undetermined coefficients, 90
Metric, 122, 224, 243
see a/so Norms
Multiplication, see a/so Inner product
matrix, 22, 24, 136
power series, 136
scalar, 20, 22, 24, 298
Multiplicity of eigenvalues, 58, 62, 65, 71
Multipliers
for equations with periodic coefficients, 97-98,
100, 111
for Hill's equation, 116-117
Nilpotent matrix, 72
Nonhomogeneous differential equations, see a/so
names of specific equations and problems
boundary value problems, 266-275
first-order, 25-26, 32-34, 44
with analytic coefficients, 136-140, 307-308,
315
with constant coefficients, 57, 84-85, 88-91,
113,319-324
initial value problem, 221-236
with periodic coefficients, 100-104, 109
with singular points, 163, 165
second-order
initial value problem, 236-237
with periodic coefficients, 107-108
nth-order, 37-40
with analytic coefficients, 140-142
particular solution, 38-40
power series expansions, 119, 136-144, 155-157
variation of parameters method, see Variation of
parameters method
Normed vector space
Banach, 123-126, 128, 225-226
defined, 121
of functions, 127-130
Norms
on C", 151
on C(I, O, 251-252
on C(l, P), 127-128
on C(l, F"), 129, 226
on C(I, Mmn(F)), 129-130, 225
on ^",74, 121-122,249-250
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of integral operator, 284-288
on l\ 298-299
on MJtF), 74, 277
on R(I, O, 295
sup norm, 121, 127-130, 225-226, 231-232
Nullity, 23
Nullspace, 23, 40, 102, 113, 278
Operators, see Differential operators
Order of a differential equation, 34
Ordinary point, 136, 140
Orthogonal complement, 102, 113, 278
Orthogonal eigenvectors, 250
Orthogonal sequence, 250
Orthonormal sequence, 250, 281, 291, 292
Orthonormal set, 258, 282, 289

Index
201, 218-219
nth-order systems, 140-142
geometric series, 132
Hermite equation, 156-157
hypergeometric equation, 218-219
hypergeometric series, 218-219
integration of, 132-134
Legendre equation, 142-144
multiplication of, 136
rearrangement of, 126
recursion relations, see Recursion relations
singular points, 166-174, 182-183, 188, 191-204
Predator-prey problem, 305-306
Primary decomposition theorem, 61-63
Proper system, 315-316, 326

K, Tl", 20-21
Parseval equality, 295, 297, 298, 299
Partial differential equations
heat equation, 245-249, 276, 300
Schrodinger equation, 276
vibrations on a drumhead, 163-165
wave equation, 300
Periodic boundary conditions, 254, 256
Periodic coefficients, 93-117
Pointwise convergence, 224-225
Polar coordinates, 163
Polynomials
characteristic, 58-59, 69, 76-78, 174-175, 186187
Chebyshev, 156
Hermite, 157
indicial, see Indicial polynomial
Laguerre, 213-214
Legendre, 145-147, 157-160, 302
Population control, 305-306
Power series expansion
addition of, 136
analytic functions, 130-136
Bessel equation, 195-201
Chebyshev equation, 155-156
convergence of, 120-130
differentiation of, 132-134
for exponential, 51
for matrix exponential, 95-97, 126-127
first-order systems, 119, 139-140
second-order systems, 141-144, 155-157, 195-

Rd, O, 295
Range, 23, 40, 102, 113, 278, 313, 319
Rank, 23
Ratio test, 131
Recurrence formula, for Legendre polynomials, 146147
Recursion relations
analytic systems, 137, 139
Bessel equation, 196
Chebyshev equation, 155
Laguerre equation, 213
Legendre equation, 213
systems with singular points, 170
Regular point, 165-166, 185, 190
Regular singular point, 185, 189-191, 195
Reisz-Fischer theorem, 299
Riemann integrable functions, 295
Rodrigues formula, 146, 158
Scalar multiplication, 20, 22, 24, 298
Schrodinger equation, 276
Schwarz inequality, 249, 250, 276-277, 295, 298
Selfadjoint boundary conditions, 254-255
Selfadjoint integral operator G, 284-288
Selfadjoint matrix, 42, 250, 283
Selfadjoint operator Ls, 253-261, 266-275
Separated boundary conditions, 255, 257, 278
Separation of variables, 164, 245-246
Sequence
Cauchy, 123, 128, 293, 303

Index
orthogonal, 250
orthonormal, 250, 281, 291, 292
subsequences, 287-288
Series expansion, see Power series expansion
Set
controllable, 312
convex, 308-312
discrete, 262
inverse image of, 309
orthonormal, 258, 282, 289
target, 307
uniformly bounded and equicontinuous, 287
Singular point, 163-219
of the first kind, 166, 168-183, 185-186
of the second kind, 184-185
in homogeneous systems
first-order, 166, 168-185
second-order, 190-194, 204-205, 211-217
nth-order, 185-190
infinity as, 202-205, 217-218
Laguerre equation, 213
Legendre equation, 211
Mathieu equation, 214
in nonhomogeneous systems, 163, 165
regular point, 85, 165-166, 190
regular singular point, 185, 189-191, 195
Skew hermitian matrix, 42, 82
Skew symmetric matrix, 82
Solution matrix, 29-30
Solutions, see Basis
Spectrum, 256, 258
Spring and mass systems, 5-9, 19-20, 94, 306-307,
315-316
Square matrix, 22, 33, 42
Standard basis, 21, 27, 41
Standard open simplex, 309
Sturm comparison theorem, 279
Sturm-Liouville operators, 255, 257
Sturm-Liouville problems, 262-266
Subspace, defined, 21
Successive approximations for constructing a fixed
point, 222-232
Sup norm, 121, 127-130, 225-226, 231-232
Target set, 307
Time-optimal control problems, 324-329
Toxic waste, 1-5, 19, 93-94, 104, 111
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Trace, 31, 88, 277
Transient solutions, 17
Translate of a vector space, 21
see also Affine spaces
Transpose, 81
Triangle inequality, 122
Trivial solution, 26
Unconstrained control problem, 314-319, 330-331
Undetermined coefficients, method of, 90
Uniform convergence, 224-225
Uniqueness of solutions, 221-236
Variation of parameters formula, 33, 46, 319
Variation of parameters method
control problems, 307, 313, 319
first-order system, 33-34, 57, 101, 104
second-order system, 46
initial value problem, 235
Vectors, sum and product of, 20
Vector spaces, see also names of specific vector
spaces

basic properties, 20-21, 24-25
boundedness in, 74
dimension of, 102
eigenspace, 256
metric, 122
normed, 74-76, 121, 127-130
Banach, 123-126, 128, 225-226
orthogonal complement, 102
Vibrations of a circular drumhead, 163-165
Wave equation, 300
Wave phenomena, 142
Wronskian
defined, 30-31, 37
Green's functions, 270
indicia! polynomial, 193
multipliers, 98
second-order system with periodic coefficients,
105-106
selfadjoint eigenvalue problems, 258

